THE REVERSE YANG-MILLS-HIGGS FLOW IN A NEIGHBOURHOOD OF A CRITICAL
POINT

GRAEME WILKIN

ABSTRACT. The main result of this paper is a construction of solutions to the reverse Yang-Mills-Higgs flow
converging in the C'™ topology to a critical point. The construction uses only the complex gauge group action,
which leads to an algebraic classification of the isomorphism classes of points in the unstable set of a critical
point in terms of a filtration of the underlying Higgs bundle.

Analysing the compatibility of this filtration with the Harder-Narasimhan-Seshadri double filtration gives
an algebraic criterion for two critical points to be connected by a flow line. As an application, we can use this
to construct Hecke modifications of Higgs bundles via the Yang-Mills-Higgs flow. When the Higgs field is zero
(corresponding to the Yang-Mills flow), this criterion has a geometric interpretation in terms of secant varieties
of the projectivisation of the underlying bundle inside the unstable manifold of a critical point, which gives a
precise description of broken and unbroken flow lines connecting two critical points. For non-zero Higgs field,
at generic critical points the analogous interpretation involves the secant varieties of the spectral curve of the
Higgs bundle.

1. INTRODUCTION

There is a well-known relationship between the Yang-Mills heat flow on a Riemann surface and the notion
of stability from algebraic geometry. This began with work of Atiyah and Bott [1] and continued with
Donaldson’s proof [7] of the Narasimhan-Seshadri theorem [39] and subsequent work of Daskalopoulos
[5] and Rade [41], which shows that the Yang-Mills flow converges to a unique critical point which is
isomorphic to the graded object of the Harder-Narasimhan-Seshadri double filtration of the initial condition.
In the setting of Higgs bundles, a theorem of Hitchin [15] and Simpson [45] shows that a polystable Higgs
bundle is gauge equivalent to the minimum of the Yang-Mills-Higgs functional and that this minimum is
achieved by the heat flow on the space of metrics. The results of [51] show that the theorem of Daskalopoulos
and Rade described above extends to the Yang-Mills-Higgs flow on the space of Higgs bundles over a
compact Riemann surface. More generally, when the base manifold is compact and Kihler, then these
results are due to [8], [9], [49], [45], [6], [43], [22] and [32].

Continuing on from these results, it is natural to investigate flow lines between critical points. Naito,
Kozono and Maeda [34] proved the existence of an unstable manifold of a critical point for the Yang-Mills
functional, however their method does not give information about the isomorphism classes in the unstable
manifold, and their proof requires a manifold structure on the space of connections (which is not true for
the space of Higgs bundles). Recent results of Swoboda [48] and Janner-Swoboda [23] count flow lines
for a perturbed Yang-Mills functional, however these perturbations destroy the algebraic structure of the
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Yang-Mills flow, and so there does not yet exist an algebro-geometric description of the flow lines in the
spirit of the results described in the previous paragraph. Moreover, one would also like to study flow lines
for the Yang-Mills-Higgs functional, in which case the perturbations do not necessarily preserve the space
of Higgs bundles, which is singular.

The purpose of this paper is to show that in fact there is an algebro-geometric description of the flow lines
connecting given critical points of the Yang-Mills-Higgs functional over a compact Riemann surface. As
an application, we show that the Hecke correspondence for Higgs bundles studied by Witten in [52] has a
natural interpretation in terms of gradient flow lines. Moreover, for the Yang-Mills flow, at a generic critical
point there is a natural embedding of the projectivisation of the underlying bundle inside the unstable set of
the critical point, and the results of this paper show that the isomorphism class of the limit of the downwards
flow is determined if the initial condition lies in one of the secant varieties of this embedding, giving us a
geometric criterion to distinguish between broken and unbroken flow lines. For the Yang-Mills-Higgs flow
the analogous picture involves the secant varieties of the space of Hecke modifications compatible with the
Higgs field. At generic critical points of the Yang-Mills-Higgs functional this space of Hecke modifications
is the spectral curve of the Higgs bundle.

The basic setup for the paper is as follows. Let £ — X be a smooth complex vector bundle over a
compact Riemann surface with a fixed Hermitian metric and let B denote the space of Higgs pairs on E.

The Yang-Mills-Higgs functional is
YMH(9a, ) := [|Fa + [¢, 6172

and the Yang-Mills-Higgs flow is the downwards gradient flow of YMH given by the equation (2.4). This
flow is generated by the action of the complex gauge group GC. Equivalently, one can fix a Higgs pair and
allow the Hermitian metric on the bundle to vary in which case the flow becomes a nonlinear heat equation
on the space of Hermitian metrics (cf. [8], [45]). At a critical point for this flow the Higgs bundle splits into
Higgs subbundles and on each subbundle the Higgs structure minimises Y MH. The unstable set of a critical
point (04, ¢) consists of all Higgs pairs for which a solution to the YMH flow (2.4) exists for all negative
time and converges in the smooth topology to (94, ®) as t — —oo. The first theorem of the paper gives an

algebraic criterion for a complex gauge orbit to intersect the unstable set for the Yang-Mills-Higgs flow.

Theorem 1.1 (Criterion for convergence of reverse heat flow). Let E be a complex vector bundle over a
compact Riemann surface X, and let (D4, ) be a Higgs bundle on E. Suppose that E admits a filtration
(EW oMy c ... ¢ (E™ ¢ = (E,$) by Higgs subbundles such that the quotients (Qy, ¢r,) =
(E®) ")) /(BE=1 ¢(-=1) are Higgs polystable and slope(Qy,) < slope(Q;) for all k < j. Then there
exists g € GC and a solution to the reverse Yang-Mills-Higgs heat flow equation with initial condition
g - (04, ®) which converges to a critical point isomorphic to (Q1, 1) @ - -+ ® (Qn, dn).

Conversely, if there exists a solution of the reverse heat flow from the initial condition (4, ) converging
to a critical point (Q1,¢1) ® - - - @ (Qn, dn) where each (Q;, ¢;) is polystable with slope(Q,) < slope(Q;)
for all k < j, then (E, ) admits a filtration (EM (1) ¢ ... ¢ (EM™, ¢ = (E, $) whose graded
object is isomorphic to (Q1,¢1) ® -+ ® (Qn, n)-
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A key difficulty in the construction is the fact that the space of Higgs bundles is singular, and so the
existing techniques for constructing unstable sets (see for example [34] for the Yang-Mills flow or [24, Sec.
6] in finite dimensions) cannot be directly applied since they depend on the manifold structure of the ambient
space. One possibility is to study the unstable set of the function ||F)s + [¢, ¢*]||22 + ||0a6||22 on the space
of all pairs (04, ¢) without the Higgs bundle condition 94¢ = 0, however one would then need a criterion to
determine when a point in this unstable set is a Higgs bundle and one would also need a method to determine
the isomorphism classes of these points.

The construction in the proof of Theorem 1.1 is intrinsic to the singular space since it uses the action of
the complex gauge group to map the unstable set for the linearised YMH flow (for which we can explicitly
describe the isomorphism classes) to the unstable set for the Yang-Mills-Higgs flow. The method used here
to compare the flow with its linearisation is called the “scattering construction” in [19] and [40] since it
originates in the study of wave operators in quantum mechanics (see [42] for an overview). The method in
this paper differs from [19] and [40] in that (a) the construction here is done using the gauge group action
in order to preserve the singular space and (b) the distance-decreasing formula for the flow on the space of
metrics [8] is used here in order to avoid constructing explicit local coordinates as in [19] (the construction
of [19] requires a manifold structure around the critical points).

As a consequence of Theorem 1.1, we have an algebraic criterion for critical points to be connected by

flow lines.

Corollary 1.2 (Algebraic classification of flow lines). Let x,, = (0a,, ¢y) and x, = (da,, ¢¢) be critical
points with YMH(x,,) > YMH(xy). Then x, and xz; are connected by a flow line if and only if there
exists a Higgs pair (E, ¢) which has Harder-Narasimhan-Seshadri double filtration whose graded object is
isomorphic to xy, and which also admits a filtration (EM , ¢M) c ... ¢ (E™,¢") = (E, ¢) by Higgs
subbundles such that the quotients (Qy, dr) = (EW®,¢®))/(E*=1pk=1)) are polystable and satisfy
slope(Qy) < slope(Q;) forall k < j and the graded object (Q1,$1) @ - - - & (Qn, ¢n) is isomorphic to x,.

As an application of the previous theorem, we can construct Hecke modifications of Higgs bundles via
Yang-Mills-Higgs flow lines. First consider the case of a Hecke modification at a single point (miniscule

Hecke modifications in the terminology of [52]).

Theorem 1.3. (1) Let 0 — (E',¢') — (E,¢) = C, — 0 be a Hecke modification such that (E, $)
is stable and (E', ¢') is semistable, and let L, be a line bundle with deg L, + 1 < slope(E’) <
slope(E). Then there exist sections ¢, ¢y € H°(K), a line bundle Ly with deg L, = deg L,, + 1
and a metric on E @ Ly, such that x,, = (E,¢) © (Lu, ¢u) and x¢ = (Ey,., ¢p,) © (L, ¢y) are
critical points connected by a YMH flow line, where (E;r, gb;r) is isomorphic to the graded object
of the Seshadri filtration of (E', ¢').

(2) Let iy = (E, ) & (Ly, ) and xg = (E',¢") & (Ly, ¢¢) be critical points connected by a YMH
flow line such that Ly, Ly are line bundles with deg Ly = deg L,, + 1, (E, ¢) is stable and (E', ¢')
is polystable with deg L, + 1 < slope(E’) < slope(FE). Then (E',¢') is the graded object of the
Seshadri filtration of a Hecke modification of (E, ¢). If (E',¢') is Higgs stable then it is a Hecke
modification of (E, ¢).
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For Hecke modifications defined at multiple points, we can inductively apply the above theorem to obtain
a criterion for two critical points to be connected by a broken flow line. For non-negative integers m,n,
the definition of (m,n) stability is given in Definition 4.5. The space Ny 4, denotes the space of Hecke
modifications compatible with the Higgs fields ¢ and ¢,, (see Definition 4.11).

Corollary 1.4. Consider a Hecke modification 0 — (E',¢') — (E,¢) — ®7_1Cp; — 0 defined by
n > 1 distinct points {v1,...,v,} € PE*, where (E, ) is (0,n) stable. If there exists ¢, € H°(K)
such that vy, ...,v, € Ng 4., then there is a broken flow line connecting x,, = (E,¢) ® (Ly, ) and
xy = (B, @) © (Le, ), where (Ej,., ¢7,,.) is the graded object of the Seshadri filtration of the semistable
Higgs bundle (E', ¢').

For any gradient flow, given upper and lower critical sets C', and C, one can define the spaces J ,, (resp.
BTFy,,) of unbroken flow lines (resp. broken or unbroken flow lines) connecting these sets, and the spaces
Pr (resp. BPy,,) of pairs of critical points connected by an unbroken flow line (resp. broken or unbroken
flow line). These spaces are correspondences with canonical projection maps to the critical sets given by the

projection taking a flow line to its upper and lower endpoints.

Fo, BFou

/'\

NN

In the setting of Theorem 1.3, let d = deg E' and r = rank(E) and let C), and Cy be the upper and
lower critical sets. There are natural projection maps to the moduli space of semistable Higgs bundles
Cy — ME99 (r d) and Cp — M99 (-, d — 1). Suppose that ged(r, d) = 1 so that MZE99% (1 d) consists
solely of stable Higgs pairs and hence any Hecke modification is semistable. Since the flow is §-equivariant,

then there is an induced correspondence variety, denoted M ,, in the diagram below.

EFZ,u
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As a consequence of Theorem 1.3, we have the following result.

Corollary 1.5. M, ,, is the Hecke correspondence.
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A natural question motivated by Floer theory is to ask whether a pair of critical points connected by a
broken flow line can also be connected by an unbroken flow line, i.e whether BP,,, = P;,,. For example,
in the context of the Yang-Mills flow, Swoboda [48] constructs a Morse complex by counting flow lines
between critical points of a perturbed Yang-Mills functional. The appearance of the Hecke correspondence
in previous theorem shows that spaces of flow lines for the unperturbed functional carry a lot of interesting
algebraic structure and a natural next step is to develop a criterion distinguishing between broken and un-
broken flow lines. The methods used to prove the Theorem 1.3 and Corollaries 1.4 and 1.5 can be used to
investigate this question using the geometry of secant varieties of the space of Hecke modifications inside
the unstable set of a critical point. For critical points of the type studied in Theorem 1.3, generically this
space of Hecke modifications is the spectral curve of the Higgs field, and so the problem reduces to studying
secant varieties of the spectral curve. This is explained in detail in Section 4.4. In particular, Corollary 4.27
gives a complete classification of the unbroken flow lines on the space of rank 2 Higgs bundles.

Another direction is to apply the methods of this paper to other geometric contexts, such as the Yang-
Mills flow on higher-dimensional compact Kéhler manifolds where bubbling occurs (cf. [6], [22], [43]).
For a perturbed heat flow on the loop space of a compact Riemannian manifold, Weber [50] has proved a
backward \-lemma around a non-degenerate critical point, and it would be interesting to use the techniques
here to obtain information about flow lines for the unperturbed flow. Another case of interest is the nonlinear
Cauchy-Riemann equations studied in Floer theory [11], [12], [13]. The bounded trajectories studied in [13]
have many properties in common with spaces of flow lines in finite-dimensional Morse theory, and it would
also be interesting to see if the methods used here also apply in the setting of [13].

The paper is organised as follows. In Section 2 we set the notation for the paper, prove a slice theorem
around the critical points and derive some preliminary estimates for the YMH flow near a critical point.
Section 3 contains the main part of the analysis of the YMH flow around a critical point, which leads to
the proof of Theorem 1.1 and Corollary 1.2. In Section 4 we interpret the analytic results on flow lines
in terms of the Hecke correspondence, leading to the proof of Theorem 1.3, Corollary 1.4 and Corollary
1.5. Appendix A contains a proof that a solution to the reverse YMH flow with a given initial condition is
necessarily unique.

Acknowledgements. 1 would like to thank George Daskalopoulos, Mudumbai Narasimhan and Richard
Wentworth for their interest in the project, as well as George Hitching for useful discussions about [4] and
[17].

2. PRELIMINARIES

2.1. The Yang-Mills-Higgs flow on a compact Riemann surface. Fix a compact Riemann surface X
and a smooth complex vector bundle £ — X. Choose a normalisation so that vol(X) = 27. Fix 04, :
QY(E) — Q%L(E) such that 94, is C-linear and satisfies the Leibniz rule da,(fs) = (9f)s + f(0a,5)
for all f € Q°(X) and s € Q°(E). Let A%! denote the affine space 4, + Q%! (End(E)). A theorem
of Newlander and Nirenberg identifies A%! with the space of holomorphic structures on E. The space of
Higgs bundles on F is

(2.1) B :={(0a,0) € A% x QM (End(F)) : 940 = 0}
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The complex gauge group is denoted G© and acts on B by g- (04, ¢) = (9049~ ", gpg™"). If X is a complex
manifold with dimc X > 1 then we impose the extra integrability conditions (94)? = 0 and ¢ A ¢ = 0.
Given a Hermitian metric on F, let A denote the space of connections on £ compatible with the metric,
and let § C GC denote the subgroup of unitary gauge transformations. The Chern connection construction
defines an injective map A%! < A which is a diffeomorphism when dim¢ X = 1. Given 04 € A%, let Fy
denote the curvature of the Chern connection associated to 94 via the Hermitian metric. The metric induces
a pointwise norm | - | : Q*(End(E)) — QY(X,R) and together with the Riemannian structure on X an L?
norm || - || 2 : Q*(End(E)) — R. The Yang-Mills-Higgs functional YMH : B — R is defined by

22) YMH@m@=4wA+w¢ﬂﬁz=[QFA+M¢WFMM

When dim¢ X = 1, the Hodge star defines an isometry * : Q?(End(E)) — Q°(End(E)) = Lie GC.
For any initial condition (Ay, ¢), the following equation for g; € GC has a unique solution on the interval
t € [0, 00) (cf. [8], [45])

99 _4 _
&gt -
This defines a unique curve (A, o) = g¢ - (Ao, ¢o) € B which is a solution to the downwards Yang-Mills-

(2'3) —1 % (th'Ao =+ [gt . d)O’ (gt . d)O)*])’ go = id.

Higgs gradient flow equations

O =i+ (Fat16,0°)
2.4) 26
00 = ilg,*(Fa+ [6,6°])].

forall ¢t € [0, 00). The result of [51, Thm 3.1] shows that the solutions converge to a unique limit (Ao, ¢oo)
which is a critical point of YMH. Moreover [51, Thm. 4.1] shows that the isomorphism class of this limit is

determined by the graded object of the Harder-Narasimhan-Seshadri double filtration of the initial condition

(Ao, ¢o).

Remark 2.1. Since the space B of Higgs bundles is singular, then we define the gradient of YMH as the
gradient of the function ||F4 + [¢, ¢*]||7. defined on the ambient smooth space 7*A%!, which contains
the space B as a singular subset. When the initial condition is a Higgs bundle, then a solution to (2.4)
is generated by the action of the complex gauge group € which preserves B. Therefore the solution to
(2.4) is contained in B and so from now on we can consider the flow (2.4) as a well-defined gradient flow
on the singular space B. Throughout the paper we define a critical point to be a stationary point for the
Yang-Mills-Higgs flow.

Definition 2.2. A critical point for YMH is a pair (A, ¢) € B such that
(2.5) Oa* (Fa+[¢,0%]) =0, and [§,+(Fa+[9,¢"])] = 0.

The critical point equations (2.5) imply that the bundle F splits into holomorphic ¢-invariant sub-bundles
E; @ --- @ E,, such that the induced Higgs structure (gAj,qu) on the bundle £; minimises the Yang-
Mills-Higgs functional on the bundle E; (cf. [1, Sec. 5] for holomorphic bundles and [51, Sec. 4] for
Higgs bundles). In particular, each Higgs pair (5Aj , ;) is polystable. The decomposition is not necessarily
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unique due to the possibility of polystable bundles with the same slope, however it is unique if we impose the
condition that (E'1, ¢1)®- - -@® (En, ¢p) is the graded object of the socle filtration of the Higgs bundle (E, ¢)
(see [20] for holomorphic bundles and [2, Sec. 4] for Higgs bundles). With respect to this decomposition
the curvature *(F4 + [¢, ¢*]) € Q%(ad(E)) = Lie(§ has the following block-diagonal form

Vl'idEl 0 0
- . 0 VQ.idEQ 0
(2.6) ix (Fa+[p,0%]) = : : . :

where v; = slope(E;) and we order the eigenvalues by v; < v, for all j < k.

Definition 2.3. A Yang-Mills-Higgs flow line connecting an upper critical point z, = (94, , ¢,) and a lower
critical point zy = (Ja,, ¢¢) is a continuous map v : R — B such that

(1) CC% satisfies the Yang-Mills-Higgs flow equations (2.4), and
(2) limy—_ oo y(t) = ,, and limy_, », ¥(t) = x4, where the convergence is in the C*° topology on B.

Definition 2.4. The unstable set W of a non-minimal critical point x,, = (D4, , by ) is defined as the set of
all points yo € B such that a solution y; to the Yang-Mills-Higgs flow equations (2.4) exists for all (—oo, 0]
and y; — z in the C*° topology on B as t — —o0.

2.2. A local slice theorem. In this section we define local slices around the critical points and describe the

isomorphism classes in the negative slice.

Definition 2.5. Let 2 = (04, ¢) € B. The slice through z is the set of deformations orthogonal to the G©
orbit at .

@7 S ={(a,9) € Q" (End(E)) & Q" (End(E)) | Oha — #[x¢", ¢] =0,(0a + a,¢ + ¢) € B}.
If x is a critical point of YMH with 8 = x(F4 + [¢, ¢*]), then the negative slice S is the subset
2.8) Sy ={(a,¢) € 8; | lim € (a, ) = 0}.

Remark 2.6. Near the critical point z = (94, ¢), the dominant term in the gradient flow equation (2.3) for
%%‘ g; tis —ix (Fa+[¢, ¢*]) = —i. Therefore the linearised flow with initial condition z + dx for 6z € S,
has the form e . (z + 0z) = x + e~ . §x, and the negative slice S is the subset of initial conditions
for which the linearised flow converges to the critical point « as ¢ — —oo. The action of this linearised flow

ondx = (a,¢) € S, is given by conjugation
o—iBt . (a,¢) = (efiﬁtaeiﬁt’ efwt@ezﬁt) _
Therefore, if i = i % (Fa + [¢, ¢*]) has the block diagonal form of (2.6), then the negative slice consists of

all the endomorphisms which are strictly upper-triangular with respect to (2.6).

To prove Lemma 2.8 and Proposition 2.9 below, one needs to first define the slice on the L$ completion of
the space of Higgs bundles with the action of the L3 completion of the gauge group. The following lemma

shows that if the critical point « is C'*° then the elements in the slice .S, are also C*°.
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Lemma 2.7. Let = (0a, ¢) be a critical point of YMH in the space of C* Higgs bundles, let S,
be the set of solutions to the slice equations in the L? completion of the space of Higgs bundles and let
dx = (a,p) € Sy. Then dx is C*°.

Proof. The slice equations are

dap +[a, 8] +[a, 0] =0
Oha —#[¢",+¢] =0

Since (a,¢) € L? and (94, ¢) is C™, then the second equation above implies that 9%a € L3 and so a € L3
by elliptic regularity. After applying Sobolev multiplication L2 x L? — L4, then [a, ¢] € L* and so the first
equation above implies that 94 € L*, hence ¢ € L{. Repeating this again shows that ¢ € L2, and then

one can repeat the process inductively to show that dz = (a, @) is C*°. g

The following result gives a local description of the space of Higgs bundles in terms of the slice. The
infinitesimal action of G© at x € B is denoted by p, : Lie(G%) = Q°(End(E)) — QOY(End(E)) @
QYY9(End(E)). Explicitly, for x = (94, ¢) and u € Q(End(FE)), we have p,(u) = —(0au, [¢,u]). The
L?-orthogonal complement of ker p, C Q°(End(E)) is denoted (ker p;)*.

Lemma 2.8. Fix x € B. Then the map 1 : (ker p,)* x S, — B given by ¥)(u, 6x) = exp(u) - (x + 0x) is

a local homeomorphism.

Proof. The result of [51, Prop. 4.12] shows that the statement is true for the L3 completion of the space of
Higgs bundles and the L3 completion of the gauge group, and so it only remains to show that it remains true
on restricting to the space of C°° Higgs bundles with the action of the group of C*° gauge transformations.
The proof of this statement follows from elliptic regularity using the same method as [51, Cor. 4.17]. g

Now let z = (94, ¢) be a critical point and let 8 = pu(z) := *(F4 + [¢, $*]). The Lie algebra Lie(G*) =
Q%(End(E)) decomposes into eigenbundles for the adjoint action of ¢’. We denote the positive, zero
and negative eigenspaces respectively by Q°(End(E) ), Q°(End(E)q) and Q°(End(E)_). The positive
and negative eigenspaces are nilpotent Lie algebras with associated unipotent groups SS and €. The
subgroups of G and G€ consisting of elements commuting with e*? are denoted 9 and 9% respectively.
Since Q%(End(E)o) @ Q°(End(E). ) is also a Lie algebra then there is a corresponding subgroup denoted
gc.

Let G, and GC denote the respective isotropy groups of « in G and G. There is an inclusion (G,)¢ C G<,
however at a non-minimal critical point the two groups may not be equal (in the context of reductive group
actions on finite-dimensional affine spaces, this question has been studied by Sjamaar in [47, Prop. 1.6]).
At a general critical point, the Higgs bundle (E, ¢) splits into polystable Higgs sub-bundles (E1, ¢1) @

-+ @ (Ep, ¢n), where we order by increasing slope. Then a homomorphism © € Hom(E};, E) satisfying
up; = ¢ru will be zero if j > k since (Ej, ¢;) and (Ej, ¢y,) are polystable and slope(E;) > slope(E},),
however if j < k then the homomorphisms do not necessarily vanish in which case (G,)¢ C G&. Therefore
ker p, = Lie(SS)  Q°(End(E),) @ Q°(End(E)y), and so G¢ ¢ GC.
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The result of [5, Thm. 2.16] shows that the L3 completion of the gauge group satisfies g€ =~ gC Xgs 9.
We will use (ker p, )+ to denote (ker p; )t N (Q°(End(E))y @ Q°(End(E)g). At a critical point z, the
above argument shows that isotropy group G is contained in G, and so we have the following refinement

of Lemma 2.8.

Proposition 2.9. Let x € B be a critical point of YMH. Then there exists a G-invariant neighbourhood U of
x and a neighbourhood U’ of [id, 0,0] in G xg, ((ker py)i x Sy) such that o : U’ — U is a G-equivariant

homeomorphism.

The results of Section 3 show that the negative slice S, is complex gauge-equivalent to the unstable set
W, of a critical point. The next lemma gives a complete classification of the isomorphism classes in S, .
Together with the results of Section 3, this is used in Section 4 to classify critical points connected by flow

lines.

Lemma 2.10. Let x = (E1,01) ® --- @ (Ey, ¢p) be a critical point of YMH with curvature as in (2.6)
with the Higgs polystable subbundles ordered so that slope(Ej) < slope(Ey) iff j < k. If dx € S; NU
then x + dx has a filtration (E(l), gi)(l)) Cc---C (E("), gb(n)) by Higgs subbundles such that the successive
quotients are (E®) p(0)) /(E*=1_ =1y = (E,, ¢1.). Conversely, there exists a neighbourhood U of x
such that if a Higgs bundle y = (E, ¢) € U admits such a filtration then it is gauge equivalent to x + dx for

some dx € S

Proof. The first statement follows directly from the definition of the negative slice in (2.8).

Let End(F)_ be the subbundle of End(FE) corresponding to the negative eigenspaces of i3 and let
py  QUEnd(E)_) — Q%(End(E)_) ® Q"°(End(E)_) be the restriction of the infinitesimal action to
the negative eigenspaces. Then

im p, = im p, N Q" (End(E)_) @ Q'O(End(E)_)
and
(2.9) ker(p; )* D ker pi N Q% (End(F)_) ® Q"°(End(E)_)
Since im p, @ ker p¥ = Q%Y(End(E)) @ QY°(End(E)) by [51, Lem. 4.9] then
QONEnd(E)-) @ Q"Y(End(E)_) = (im p, & ker p) N (2% (End(E)-) ® Q"°(End(E)-))

C (imp, @ ker(py)*) € Q¥N(End(E)-) @ Q"(End(E)-)
and so (2.9) must be an equality, therefore Q%! (End(E)_) @ QL9(End(FE)_) = im p, @® ker(p, )*. There-
fore the function

Y~ : (ker p; )T x ker(py)* — QUY(End(E)_) @ QY(End(E)_)

(u,0x) — e" - (x4 ox)
is a local diffeomorphism at 0. If dx € S, then = + dz € B, and so e - (x + dx) € B, since the
complex gauge group preserves the space of Higgs bundles. Conversely, if " - (x 4+ 0x) € B then x +

6x € B and so dx € S, . Therefore 1) restricts to a local homeomorphism (ker p; )+ x S; — BN
(Q%(End(E)-) & Q" (End(E)-)). O
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The next two results concern a sequence of points g; - z in a G€ orbit which approach a critical point
in the L? norm and for which YMH(z) < YMH(z). Since z is critical and YMH(z) < YMH(z) then
z€GC. 2\ GC. 2, and therefore | g, || 12, — oo The result below shows that the C° norm of the function
o(h) = Tr(hg) + Tr(h; ') — 2rank(E) must also blow up.

Lemma 2.11. Let x € B be a critical point of YMH and let z € B be any point such that YMH(z) <
YMH(x). Suppose that there exists a sequence of gauge transformations g; € GC such that g; - = — x in
L2. Then the change of metric hy = g; g; satisfies supy o (ht) — oo.

Proof. Let U be the neighbourhood of z from Lemma 2.8. Since g; - z — =z, then there exists 1" such
that g; - z € U for all t > T. Therefore there exists f; in a neighbourhood of the identity in G€ such that
ft - 9t - z € S;. The uniqueness of the decomposition from the slice theorem shows that if ¢ > T, then
ftogt-2= fir-fr-gr-zwith fi 17 € GC. Therefore ¢ — oo implies that fi,1 diverges in GC. Fix a point p
on the surface X, and let 9(0: be the based gauge group consisting of complex gauge transformations that are
the identity at p. Recall that %C is a normal subgroup of G€ and we have the following short exact sequence
of groups (cf. [1, Sec. 13])
1-395— 3% = GL(n,C) - 1.

Since %C acts freely on the space of connections (and hence on B), then restriction to the fibre over p defines
a bijective correspondence between G¢ C G and a subgroup of GL(n,C) via the exact sequence above.
Therefore f; v diverges in 9% implies that the restriction of f; 7 to the fibre over p diverges in GL(n, C),
and so the C° norm of fi, 7 diverges to oo, and hence the same is true for g; = f[1 “fer o frogr -z
since g7 is fixed and both f; and f7 are contained in a fixed neighbourhood of the identity in GC. Therefore
supy o(hy) — 0. O

Corollary 2.12. Let x be a critical point of YMH. Then for each neighbourhood V' of x in the Li topology
on B and each constant C > 0, there exists a neighbourhood U of x such that if z ¢ V and YMH(z) <
YMH(z), then y = g - z with h = g*g satisfying supx o(h) < C implies that y ¢ U.

Proof. If no such neighbourhood U exists, then we can construct a sequence y; = g; - 2 converging to x in

L? such that by = g; g, satisfies supx o (h;) < C for all ¢, however this contradicts the previous lemma. [J

2.3. Modifying the YMH flow in a neighbourhood of a critical point. Let = be a critical point, let
B = p(x) = *(F4 + [¢,$*]), and let G be the subgroup defined in the previous section. In this section
we explain how to modify the YMH flow near x so that the gauge transformation generating the flow is
contained in GC. The reason for modifying the flow is so that we can apply the distance-decreasing formula
of Lemma 2.19, which is used for the convergence result of Section 3.2.

Let U be a G-invariant neighbourhod of z such that U is homeomorphic to a neighbourhood of [id, 0, 0]
in G xg, ((ker pz)i x Sz) by Proposition 2.9. Let V C U be the image of (ker p;); X S under the home-
omorphism from Proposition 2.9. For each y € V/, let 7_(y) be the component of iu(y) in Q°(End(E)_).
Since p is G-equivariant then we can extend y_ equivariantly from V' to all of U using the action of G.
Define the map v : U — Lie(9) by

(2.10) Y(y) =v-(y) —7-(y)*
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so that —iu(y) + v(y) € Lie(G%).

Definition 2.13. The modified flow with initial condition yg € U is the solution to

d
@11 o = ~Tps(n) + pe((w)).
More explicitly, on the space of Higgs bundles iy = (0, ¢) satisfies
dA o
e = i0a * (Fa +[6,¢"]) — 947(9a, ¢)
0 _
%9 = ilg,+(Fa+ 16,6'D] - 6,10, 0)]

In analogy with (2.3), the modified flow is generated by the action of the gauge group y; = ¢g; - Yo, where

g satisfies the equation

gy _ ) .
(2.12) 8gtt9t t= = —ip(gs - Yo) +v(9¢ - v0), go =1id.

As before, let V' C U be the image of (ker p, )+ x S, under the homeomorphism from the slice theorem
(Proposition 2.9). Note that if yg € V then %gtt 9r 1€ Lie(9%), so g; € G€ and the solution to the modified

flow remains in V for as long as it remains in the neighbourhood U'.

Lemma 2.14. Let y; = g; - yo be the solution to the YMH flow (2.3) with initial condition yy. Then there
exists s; € G solving the equation

ds
dt s
such that 1y = s - y; is a solution to the modified flow equation (2.11) with initial condition yy.

(2.13) =7(st-yt), so=id

Proof. Since ~ is G-equivariant then (2.13) reduces to

ds _
dt St ! Adst V(yt)

Since v(y¢) € Lie(§) is already defined by the gradient flow y;, then this equation reduces to solving an
ODE on the fibres of the bundle, and therefore existence of solutions follows from ODE existence theory.

Let g = s¢ - g¢. A calculation shows that

dgt ~—1 dS _1 + Ad (dg 1)
St

Tt ardt
= (st - yt) — i Ads, u(ye)
(@) — ip(Ge)

V(G - yo) — in(Ge - yo),
and so 4y = g¢ - Yo = S¢ - Y 1S a solution to the modified flow (2.11) with initial condition . ]

As a corollary, we see that the change of metric is the same for the YMH flow (2.3) and the modified flow
(2.12).

Corollary 2.15. Let y; = g; - yo be a solution to the Yang-Mills-Higgs flow equation (2.3) and 4 = g - yo
be a solution to the modified flow equation (2.12). Then hy = g{ g: = G; G-
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Finally, we prove that convergence for the upwards YMH flow implies convergence for the modified flow.

Lemma 2.16. Let x be a critical point and let yo € W . Then the modified flow with initial condition yg

exists for all t € (—oo, 0] and converges in the C* topology to a pointin G - x.

Proof. Let y; be the YMH flow with initial condition yg and 4; = s - y¢ the modified flow. By the definition
of W the YMH flow exists for all ¢ € (—o0, 0] and y; — « in the C'™° topology. Existence of the modified
flow then follows from Lemma 2.14. Proposition 2.21 shows that iy, — x exponentially in Li for all k£, and

so the same is true for y(y; ). Therefore the length of the modified flow line satisfies

0 0
/ g (14(9¢)) = Py (V(Ge)) 2 dt:/ 1y (11(ye)) = py, (v(we)) 2 dt

—0o0 —00

0 0
< [ Ionttolag e+ [ oz a

which is finite since the length fEOO | pye (e(ye)) |l r2 dt of the YMH flow line is finite, 1 is bounded and
~v(y¢) — 0 exponentially. This is true for all k, and so the modified flow converges in the C*° topology. [

2.4. Preliminary estimates for the YMH flow in a neighbourhood of a critical point. Given eigenvalues
for the adjoint action of i3 on Lie(SC) labelled by A\; < -+ < A <0 < Agg1 < --- (with respect to (2.6),
the negative eigenvalues correspond to A\ = v; — v; for ¢ < j), then for any y € S, and any norm, we have
the Lipschitz bounds

2.14) My —z|| < ey —af| < My — 2.

Lemma 2.17. For any critical point x there exists C' > 0 such that for any y € S, we have ||u(y)—5||co <
Clly — [[20-

Proof. Lety € S, and define dy := y —x € V = T, V. Then the defining equation for the moment map
shows that for all v € €, we have

dp (8y) - v = w(pz(v), 0y) = (Ipz(v), 0y)
By the definition of the slice, each 6y € S is orthogonal to the infinitesimal action of G* at x, and so

(Ip;(v),dy) = 0 for all v € €. Therefore dy,(dy) = 0. Since the moment map (94, ¢) = Fa + [¢, ¢*] is
quadratic, then we have

1(y) — (@)l co < [|dpa(6y)]lco + Clloyllzo = Cll6yl1Zo-
Since the moment map is G-equivariant and the norms above are all G-invariant, then the constant C' is

independent of the choice of critical point in the orbit G - x. U

Given g € GC let g* denote the adjoint with respect to the Hermitian metric on F and let G act on gC by
left multiplication. In every equivalence class of the space of metrics G* /G there is a unique positive definite
self-adjoint section h, which we use from now on to represent elements of gC /G. Given h = g*g € gC /9,
define 1y, : B — QO(End(E)) = Lie(G%) by

(2.15) pn(y) = Adg-1 (u(g - y)) -
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Since the moment map is G-equivariant, then for any £ € G we have

Adg1 Adg-1 (u(k - g-y)) = Adg-1 (u(g - y))

and so sy, is well-defined on G€/G. The length of a geodesic in the space of positive definite Hermitian
matrices is computed in [27, Ch. VIL.1]. Following [8, Prop. 13] (see also [45, Prop. 6.3]), it is more

convenient to define the distance function o : G€ /G —R
(2.16) o(h) =Trh+ Trh™! — 2rank(E).

As explained in [8], the function sup y o is not a norm in the complete metric space G©/G, however we do

0
have h; <, hoo in G€/G if and only if sup y o(hsh}) — 0. Note that if hy = 9791 and hy = ¢5¢2, then

(2.17) o(hhy') =0 (959195 (93) ") = o (9195 ") 195 ") -

Recall from [8], [45] that we have the following distance-decreasing formula for a solution to the down-
wards YMH flow. Since the change of metric is the same for the modified flow by Corollary 2.15, then
(2.18) is also valid for the modified flow.

Lemma 2.18. Let 1,92 € B and suppose that y1 = gq - y2 for go € GC. For j = 1,2, define y;(t) to be the
solution of the YMH flow (2.4) with initial condition y;. Define g; by y1(t) = g¢ - y2(t) and let hy = g; g:

be the associated change of metric. Then

(2.18) <§t + A) o(h) <0.

Since Lie(3%) = QO(End(E))o ® Q°(End(E)), and the adjoint action of e~ is the identity on
Q°(End(FE))o and strictly contracting on Q°(End(FE)),., then we have the following lemma which is used
in Section 3.2.

Lemma 2.19. Given any go € G5, let g; = e Pt goe’Pt and hy = g} gi. Then %a(ht) <.

In the proof of the distance-decreasing formula for the Yang-Mills flow [8, Prop. 13], Donaldson proves
that for any holomorphic structure 94 and any complex gauge transformation g, the change of metric h =

g* g satisfies
—2iA Tr(h(g_l(Fg.A)g — Fy)) = —2iATr (5A6Ah — (éAh)h(aAh)) < —ATr(h).

Note that the notation here differs slightly from that in [8, Prop. 13] which considers a fixed holomorphic
structure and a varying Hermitian metric, while here we consider a fixed Hermitian metric and a varying
holomorphic structure. As explained on [8, p5] the two viewpoints are equivalent. A similar calculation

shows that
2iATr(h ™ (g~ (Fya)g — Fa)) < —ATr(h™1).
Analogous calculations for a Higgs pair y = (04, ¢) using u(y) = A(Fa + [¢,$*]) instead of the

curvature AF'4 gives us the following result for the Yang-Mills-Higgs flow, which is used in the proof of

Lemma 3.2.
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Lemma 2.20.

=20 Tr ((pn(y) — p(y))h) + ATr(h) <
2i Tr ((un(y) — w(y))h ") + ATr(h™1) <

2.5. Exponential convergence of the backwards flow. In this section we prove that if a solution to the

backwards YMH flow converges to a critical point, then it must do so exponentially in each Sobolev norm.

Proposition 2.21. Let y; be a solution to the YMH flow (2.4) such that lim;_, o yy = x. Then for each
positive integer k there exist positive constants C and 1) such that ||y — z|| 2 < C1e™ forall t < 0.

The proof of the proposition reduces to the following lemmas. First recall from the slice theorem that

there is a unique decomposition
y=ce"-(r+2)

for u € (ker p;)* and z € S,. We can further decompose z = z>¢ + z_, where z_ € S is the component
of z in the negative slice and z>9 = z — z_. At the critical point 2 we have the decomposition End(E) =
End(F)+ @ End(FE)o @ End(F)_ according to the eigenspaces of i3 (cf. Sec. 2.2). Then with respect to
this decomposition z> is the component of z in Q¥ (End(E));+ ®End(E)o) ®Q°(End(F)+ @End(E)o)
and z_ is the component in Q%1 (End(E)_) ® Q°(End(E)_). In terms of the action of 3 = y(z) we have
limy o0 €t - 2 = 0 and limy_,o0 e Pt - 259 = 20, Where 2 is the component of z in Q¥ (End(E)o) ®
Q0(End(E)o). Note that if y = e* - (x + ) is a Higgs bundle, then x + 2 is a Higgs bundle since e* € §©
preserves the space of Higgs bundles, however = + 2> may not be a Higgs bundle as the pair (5A>0, $>0)
representing x + z>(o may not satisfy ) A~o®>0 = 0. Even though ¢>n may not be holomorphic, we can still
apply the principle that curvature decreases in subbundles and increases in quotient bundles and follow the

same idea as [1, Sec. 8 & 10] to prove the following lemma.

Lemma 2.22. (1) grad YMH(e" - (x + 2>0)) is tangent to the set {z_ = 0}.
(2) YMH(e" - (z + 250)) > YMH(z).

Proof. By definition of z_ as the component of 2z € S, in Q%Y (End(E)_) @ QL9 (End(E)-), the subset
{z_ = 0} consists of all pairs (94, ¢) such that (up to complex gauge transformations) the bundle F admits a
filtration £y C --- C E,, = E by holomorphic subbundles of the same Harder-Narasimhan type as = which
are also preserved by ¢. Note that this does not require ¢ to be holomorphic since we have constructed
the filtration explicitly using the decomposition End(F) = End(F); @ End(E)o @ End(E)_. Since
grad YMH(e" - (x + z>0)) is tangent to the complex gauge orbit through e* - (z + z>(), and the existence
of a filtration of a given type is preserved by the action of the complex gauge group, then grad YMH(e" -
(x 4 z>0)) is tangent to the set {z_ = 0}.

Below are the details of the proof of the second part of the lemma for the case of a two-step filtration.
This can be generalised to an arbitrary filtration in the same way as [1, Sec. 8].

Let £ be a convex invariant function on the Lie algebra of the structure group. For the following, we only
need to consider the special case of £(X) = Tr(X X ™) but it is worth noting that the entire argument works

for any convex invariant £. Consider a critical point x such that the C'*° bundle £ decomposes as a direct
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sum F; & Es and the Higgs bundle z is the direct sum of Hermitian- Yang-Mills-Higgs pairs on E; and Ej.
Then YMH(z) = [y &(p) dvol, where

deg b7
_ rank £ id 0
n= 0 deg E> .id
rank Fo

Consider an extension
0 — (Day, ¢1) = (04, 0) = (Day, ¢p2) = 0

for which (94,,#1) and (Oa,, ¢2) are arbitrary Higgs pairs on E; and E;. Locally, we can write the
holomorphic structure 04 and the Higgs field ¢ as follows

5= _ (0a o« _ (Oan O (1 w, (91 O
8,4 — < 01 8142) ) aA,h — <_a>|< 8A2,h) ) d) - (0 (Z)Q) ) ¢ b= (w* ¢§

Note that we are not assuming that 94¢ = 0. From now on we suppress the notation for the metric h. We
then have (cf. [1, (8.14)])

Fa+ [ 67 = Fay —aha” daa [P1,01] +oN@" AP+ PN
’ —dpa* Fpy,—a*Na P2 A"+ O NP1 B2, 93] + 0" N
Now for j = 1,2, let f;, o; be scalar rank(F;) x rank(F;) matrix valued functions (cf. [1, (8.15)]) such
that

Tr fj =+« Tr(Fa; + [#5,65]), Trar=xTr(aAa” —pA¢*)=—*xTr(@* Na—p" ANp)=—Traz

Then for any convex invariant function &, the results of [1, Sec. 12] show that
* fl — Q] 0
F >
colmatloonze(Mym 0
If we normalise so that vol(X') = 1 then combining the above inequality with Jensen’s inequality gives us
YMH(O4.0) = [ €G6(Fat o) dlz¢ ([ (P 0 ) dwl
X X 0 f 2 — (02
Since the Lie bracket [¢, ¢*] is traceless, then the degree of Ej is

1

%_%An@wwmw—ééﬁ%mm

Now we note that —i * Tr(a Aa*) > 0 and i* Tr(p A p*) > 0. The difference in sign is because a € Q%!
and ¢ € Q0. For completeness, we give all the details. Choose a local coordinate = = x + 4y such that
dx A dy = dvol. First note that dzZ A dz = 2idx A dy = 2idvol. Therefore —i x (dZ A dz) = 2 and
i* (dz A\ dz) = 2. Writing a = g;dZ in a local neighbourhood, we have

—ixTr(a Aa™) = —ixTr(g1g7dz AN dz) = 2Tr(g197) > 0
and writing ¢ = godz in a local neighbourhood we have
ixTr(p A @*) =1i%Tr(gegsdz Ndz) = 2Tr(gegs) >0

For j = 1,2, define b; = —ﬁ f x @;j. Then the above calculations show that by is a scalar matrix with

non-negative entries, and by is a scalar matrix with non-positive entries.
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Putting all of this together, we have

/ <f1 6041 5 _0 a2> dvol = —2mi(p + b)
X

where
Y (iii’%l id 0 > - <b1 0)
- deg E: . 9 -
N 0 b
Since Tr oy = — Tr g, then Tr b = 0 and so the inequalities in [1, Sec. 12] for convex invariant functions
show that || Fia + [¢, ¢*][|7, > &(1) = YMH(z). O

The next lemma shows that the component in the negative slice is decreasing exponentially.

Lemma 2.23. Let y; = €" - (x + z>0 + 2— ) be a solution to the YMH flow such that limy_, . y+ = x. Then
there exist positive constants K and Ky such that ||z_ ||2L2 < Kq1ef2t forall t < 0.
1

Proof. The proof follows the idea of [26, Sec. 10]. The downwards gradient flow equation for z_ is
0z_

E =Lz_ + N,(U, 2>0, Zﬁ)

where L is a linear operator and the derivative of N_ vanishes at the origin. Since z_ is orthogonal to the
GC orbit through z, then the following calculation shows that the linear part satisfies e/t z_ = e~ . »_.

Let (04, doo) be the critical point z and (94, ¢) = (04, doo) + (a, ) be a point in the slice S,.. The
condition that (a, ¢) is orthogonal to the G€ orbit through (94, ¢) is given by

5;100& - ¥[¢a ’T‘(P] =0
We can rewrite this orthogonality condition as
ix0qa+ix [0, 0] =0 &  ix0xa* —ix[p,0*]=0
Subtracting the first equation from the second and using the fact that the Hodge star is an isomorphism
02 = Q0 gives us
dA(a - (l*) + [¢a 90*] + [(707 Qb*] =0.

Note also that the curvature can be written as

Fara+[d+ ¢, (0+ @)= Fa+[b,¢*] +dala—a*) + [p, d*] + [, ¢*] + (higher order terms)

Therefore the slice equations imply that the linearisation of the curvature vanishes in the direction of a.

Substituting this into the gradient flow equations and using the fact that (04, ¢) is a critical point gives us

(Z;: = ila, *(Fa +[6,¢"])] +i0a * (da(a — a*) + [#,¢7] + [, ¢*]) + (higher order terms)
aaf = i[p, *(Fa + [¢, 0] + i [0, (da(a — a™) + [¢, ¢"] + [, ¢*])] + (higher order terms)

Therefore at a point in the slice, the linear component of the gradient flow equations is given by L(a, ¢) =
(—i[B, a], —i[B, ¢]), where 8 = *(F4+[¢, ¢*]). Note that this is the tangent vector to the curve e . (a, ¢)
att = 0, and therefore if (a, ¢) is in the negative slice then the action of —if3 has strictly positive eigenvalues

(i.e. the downwards flow increases the component in the negative slice).
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Since z_ is in the negative slice then there exists Ay, > 0 such that (Lz_, z_) L2 > Aminl|z— ||%2 Now
1
Lemma 2.22 shows that the YMH flow preserves the set {z_ = 0}, and so N_(u, 2>0,0) = 0. Since N_ is
C' with vanishing derivative at the origin then for all ¢ > 0 there exists § > 0 such that if ||y; — z|| 2 < )
then

IN- (220, 2-)ll 2 < ell=- 2

Therefore
5 arllelEe = (Lo, 2} o+ (V- (0, 220, 2-), 21 2 omin — 9|2 33,
and so if € > 0 is small enough (e.g. € < %)\min) then there exist positive constants K and K5 such that
Hz_H%2 < Kqpef2t forall t < 0. O
1

The next lemma shows that the difference YMH (z) — YMH(y;) is decreasing exponentially.

Lemma 2.24. Let y; = e"- (x4 2>0 + 2—) be a solution to the YMH flow such that lim;_, o y+ = x. Then

there exist positive constants K{ and K such that
YMH(z) — YMH(e" - (2 + 250 + 2_)) < K| e/
forallt <0.
Proof. Recall that the Morse-Kirwan condition from Lemma 2.22 implies
YMH(e" - (z + 2>0)) — YMH(z) >0
Since z is a critical point of YMH, then for all € > 0 there exists 6 > 0 such that if ||y; — x|| 2 < 0 we have
YMH(e" - (z + 220 + 2-)) = YMH(e" - (z + 220)) = —e¢l|lz—| 12
Therefore
YMH(e" - (z 4+ z>0 + 2—)) — YMH(2) = YMH(e" - (x + 250 + 2—)) — YMH(e" - (x + 2>0))
+ YMH(e" - (x + 2>0)) — YMH(x)
> —ellz_l 2 > —ey/Kez’2t

Since YMH(e" - (x + 2> + 2—)) is monotone decreasing with ¢ and lim;_, ~ YMH(e"- (z+2>0+2-)) =
YMH(x), then YMH(e" - (z + z>0 + 2—)) < YMH(x), and so the above equation implies that

[YMH(y,) - YMH(x)| < K}/
for positive constants K| = £1/K; and Ké = %Kg. O

Lemma 2.25. Let y; be a solution to the YMH flow such that y; — x ast — —oo. Then for each positive

integer k there exists a constant C' and a constant 7y € R such that

o= olliz <€ [ grad YMH(g.)] 12 ds

forall T < 1.
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Proof. Recall the interior estimate from [41, Lem. 7.3], [51, Prop. 3.6] which says that for all positive
integers k there exists a neighbourhood U of x in the Li topology and a constant C' such that if ¢, € U for
all t € [0, 7] then

T T
[ eyl dt < © [ gmavamgoe
1 0

The constant C' is uniform as long as the Yang-Mills-Higgs functional is uniformly bounded along y;, the
initial condition satisfies a uniform bound on the derivatives of the curvature of the underlying holomorphic
bundle with Hermitian metric and the flow line y; remains in the fixed neighbourhood U of the critical point
x (cf. [41, Prop. A]). In particular, the estimates of [51, Lem. 3.14, Cor 3.16] show that this bound on the
curvature is satisfied for any initial condition along a given flow line y;. A priori the constant depends on 7',
however it can be made uniform in 7" using the following argument. Let C be the constant for 7' = 2. For
any 7' > 2, let N be an integer greater than 7" such that y; € U for all ¢ € [0, N|. We then have

T N-1 ,pt1
[ eyl de < 3 [T erad YMH() |
1 TL:1 n

N-1 pt1
<CY [ erad YMH() |2 de
n=1 n—1

N
<20 [ grad YMH() 2 dt
0

Since lim;_, _ y: = x in the C*° topology, then for any £ > 0 there exists 7y such that 7 < 7y implies that
lye — || 2 <¢€ for all ¢ < 7 and therefore by choosing € small we can apply the above interior estimate on

any interval [, 7] for 7 < 7. Therefore we have the bound

/ I gradYMH(ys)HLi ds < ZC/ || grad YMH (ys)|| 12 ds
t —00

For fixed 7 the right-hand side of the above inequality is constant, and so

T T
o= ollzz < [ llgrad YMH(p) g ds <20 [ grad YMH(y.) 12 s
o —Oo

O

Proof of Proposition 2.21. After possibly shrinking the neighbourhood U from the previous lemma, we can
use the Lojasiewicz inequality (cf. [51, Prop. 3.5]) which implies that for any y € U there exist constants
C > 0and 6 € (0, ] such that

(2.19) | grad YMH(y)|| > C [YMH(z) — YMH(y)|*™*

Along the gradient flow we have the inequality

< (YMH(z) ~ YMH(y0))" = ~0 (YMH(z) — YMH(p))~ O YMH(y)

= 6 (YMH(2) — YMH(y,))" " || grad YMH(y,)||*
> C0| grad YMH(ys)||
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where the last step follows from the Lojasiewicz inequality (2.19). Since y; — x as ¢t — —oo, then

integrating the above inequality from —oo to 7 gives us
~
(YMH(2) — YMH(y,))’ > €0 [ || grad YMH(y0) | .
—00
which is equivalent to
-
1
| lerad YMH()| di < o (YMB() - YMH(,))'.
—0o0
Lemma 2.24 shows that
(YMH(x) — YMH(y,))’ < (K})’e?5!
for all ¢ < 0. These two estimates together with the result of Lemma 2.25 show that
lye — zllz < Cae

for some positive constants C1,7 and all ¢ < 0. O

3. THE ISOMORPHISM CLASSES IN THE UNSTABLE SET

Given a critical point z € B, in this section we show that for each y € S there exists a smooth gauge
transformation g € GC such that g - y € W, (Proposition 3.14), and conversely for each y € W there
exists g € GC such that g - y € S, (Proposition 3.18). As a consequence, the isomorphism classes in the
unstable set are in bijective correspondence with the isomorphism classes in the negative slice, and so we
have a complete description of these isomorphism classes by Lemma 2.10. This leads to Theorem 3.19

which gives an algebraic criterion for two points to be connected by a flow line.

3.1. Convergence of the scattering construction. The goal of this section is to prove Proposition 3.14,
which shows that every point in the negative slice S, is complex gauge equivalent to a point in the unstable
set W .

The construction involves flowing up towards the critical point on the slice using the linearisation of the
YMH flow and then flowing down using the YMH flow. A similar idea is used by Hubbard in [19] for
analytic flows around a critical point in C™, where the flow on the slice is defined by projecting the flow
from the ambient space. Hubbard’s construction uses the fact that the ambient space is a manifold to (a)
define this projection to the negative slice, and (b) define local coordinates in which the nonlinear part of
the gradient flow satisfies certain estimates in terms of the eigenvalues for the linearised flow [19, Prop. 4],
which is necessary to prove convergence. This idea originated in the study of the existence of scattering
states in classical and quantum mechanics. In the context of this paper, one can think of the linearised flow
and the YMH flow as two dynamical systems and the goal is to compare their behaviour as ¢ — —oo (see
[42, Ch. XI.1] for an overview). As noted in [19], [40] and [42], the eigenvalues of the linearised flow play
an important role in comparing the two flows.

The method of this section circumvents the need for a local manifold structure by defining the flow on
the slice using the linearised flow and then using the distance-decreasing property of the flow on the space
of metrics from [8], [45] (cf. Lemma 2.18) in place of the estimate of [19, Prop. 4] on the nonlinear

part of the flow. The entire construction is done in terms of the complex gauge group, and so it is valid
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on any subset preserved by GC, thus avoiding any problems associated with the singularities in the space
of Higgs bundles. Moreover, using this method it follows naturally from the Lojasiewicz inequality and
the smoothing properties of the heat equation that the backwards YMH flow with initial condition in the
unstable set converges in the C'°° topology.

3.1.1. A C° bound on the metric. First we derive an a priori estimate on the change of metric along the
flow. Fix an initial condition yo € S, and let 8 = u(z) = A(Fa + [¢, ¢*]) € Q(ad(E)) = Lie(§). In
this section we also use the function yp,(y) = Ad,—1 (u(g - y)) from (2.15). The linearised flow with initial
condition g has the form e~"%* . 4o, and the YMH flow (2.3) has the form g; - yo. Let f; = g - €% and
define h; = f; f; € G©/G. This is summarised in the diagram below.

xr
Yo
o—iBt gt
_ —iBt
—’L‘ . —_— .e .
e=iBt . yg i gt Yo = ft Yo
Sy

FIGURE 1. Comparison of the gradient flow and the linearised flow.

Lemma 3.1. For any initial condition yy € S, the induced flow on gc /G satisfies

dh , » . .
ditt = —2ihy pp(e pt. yo) + iBhe + he(if3)

Proof. First compute

G Vet = St 1 g0 17 = il w) + HGOVS

Then
i _ di

dt

d
Lt

_ (dftft ) ft+ft*<dftft )ft

= —feip(ge - yo) fr + 1Bhe — fiip(ge - yo) fr + he(iB)
= =2f{ip(ge - yo) fe + 1By + he (i)

= —2thy Ad -1 (1u(g: - yo)) + iBhs + e (i)

= —2ihy (e - yo) +iBhe + ha(iB)

where the last step follows from the definition of 11, in (2.15) and the fact that e */* = ft_l - gt O

The next estimate gives a bound for sup y o(h¢) in terms of ||yo — x| co.
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Lemma 3.2. For every € > 0 there exists a constant C > 0 such that for any initial condition yo € S, with

le=T . yo — z||co < € we have the estimate supx o (hs) < Clle™PT -y — |2, forall 0 < t < T.

Proof. Taking the trace of the result of Lemma 3.1 gives us

d dh . i

p Trhy = Tr (dt> = —2Tr ((uh(e Bt yo) — B)ht)
d B . dh . _ . _ i
%Trhtlszr (ht 1%]7/15 1> =2iTr (ht 1(luh(e Btyo)iﬁ)>

Therefore

d

7 Tr(h) = —2i T ((uh(e—’ﬂt ~yo) — ple™ " yo»ht) —2i Tr ((u(e‘iﬁt - 90) — ﬁ)ht)

Lemma 2.20 together with the fact that h; is positive definite then shows that

(g3 +2) T < —21s (Gu(e o)~ 1)

< C1|p(e™" - yo) — Bllco Tr(he)
< Cyle Pt yo — z||%0 Tr(ht) (by Lemma 2.17)
A similar calculation shows that

a .
(815 + A) Tr(h; ') < Chlle™™" - yo — |20 Tr(h; )

If we label the eigenvalues of i3 as A} < -+ < Ay < 0 < A1 < -+ < Ay, then the estimate
|5 - (yo — )20 < €25 ||yg — z]|2, from (2.14) gives us
(3.2)
A +A)o(hy) = 9 + A ) (Tr(he) + Tr(hy 1))
ot ! ot ! t
< Cille™" - (yo — @)l|20 (Tr(he) + Tr(hy 1))
= O[T e (yo — @) |10 (Te(he) + Tr(h; "))
< Cr eI e (yo — @) |[Zoo (he) + Cre? T e (yo — 2) |0 rank(E)
Let K1 = Cylle™T - yo — || and Ko = Cy e T - yo — x||2, rank(E). Define
t
v = o(hy) exp | Le2M(T-0)) _ / Kope e T=9) oy [ BL2n@—9) g4
2 0 2Ap
Note that vy = 0 since hg = id. A calculation using (3.2) then shows that
0
— + A <0
(815 + > Vg <
and so supy 14 < supy 19 = 0 by the maximum principle. Therefore

t
supo(hy) < exp —ﬁeQ)"“(T_t) / K2 (T=5) oxp ﬁ62/\’¢(T_5) ds
% 2 0 2\

K ¢ .
< exp <—2);) / Kope? T ds < Cle T - yg — 2|20
0
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for some constant C, since \;, < 0,0 < s < t < T, K is bounded since ||e™*T . 45 — z||c0 < € by

assumption and K is proportional to [|e =T - yy — z||2,. O

3.1.2. C*° convergence in the space of metrics. Now consider the case of a fixed yg € S, and define
ye = Pt . yo. Given any y € S, define g,(y) € G to be the unique solution of (2.3) such that g,(y) - y is
the solution to the YMH flow at at time s with initial condition y, define f,(y) = g;(¢’?* - ) - %% € GC,
and define hs(y) = fs(y)* fs(y) to be the associated change of metric. For any nonnegative s, t, we can use

the result of the previous lemma with o and 7T replaced by €% - y, and s respectively to obtain
(3.3) sup o (hs(y1) < Cllys = @llo = Clle™ - (yo = 2) 20 < O™y — 2.

As a special case, given t; > to > 0, setting t = to and s = t; — to in the above estimate gives us
(3.4) 5up 0 (hty s (412)) < Cles — @llco-

This is summarised in the diagram below.

T
yu = e yo
Yo, = etz gy Gti—ta (Y1) “ Yts = fri—t2(Yta) - Yt
9t1 (Y1) - yer = fr1 (o) - wo
Yo 4
Gts (Yt2) " Ytz = fez(y0) - Yo
Sz

FIGURE 2. Comparison of f;, (yo) - yo and fi,(v0) - Yo.

In the above notation, h¢(yo) = fi(yo)* ft(yo) is the change of metric associated to the gauge transfor-
mation f;(yo) in the above diagram.

0
Proposition 3.3. h;(yo) < o (yo) € G¢/G ast — oc. The limit depends continuously on the initial

condition yg. The rate of convergence is given by
(3.5) sup o (R (o) (hoo (40)) ™) < Coe™llyo — /120
where Cy > 0 is a constant depending only on the orbit G - .

Proof. Lett; >ty > T'. The estimate (3.4) shows that

Sipo-(hh*tz(ytz)) < Ollyey — 2|20 < Ce2||yg — 2|20 < Ce* M ||yg — 2|20
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Recall from (2.17) that

o (e, (o) ey (o) ™) = o (f1 (W0) fra (0) ™) fer (W0) f1o (0) ™) -

The distance-decreasing formula of Lemma 2.18 shows that
sup o ((fr, (v0) fra (50) )" fer (W0) fra (90) ™) < sUP (s 1z (31)).

Therefore the distance (measured by o) between the two metrics hy, (yo) and hy, (yo) satisfies the following
bound

S;po-(htl (Y0)ht, (yO)il) = Sipo' ((fh (o) ft. (yO)il)*fh (o) ft. (yO)il)

< Sipo'(htl—h (th)) < 0262)\kTH3/0 - .’L‘”%o

and so h(yo) is a Cauchy sequence in C° with a unique limit ho, € G®/G, The above equation shows that
the rate of convergence is given by (3.5).

Since the finite-time Yang-Mills-Higgs flow and linearised flow both depend continuously on the initial
condition, then h;(yo) depends continuously on g for each ¢ > 0. Continuous dependence of the limit then
follows from the estimate (3.5). ]

Now we can improve on the previous estimates to show that h:(yo) converges in the smooth topology
along a subsequence, and therefore the limit Ao, is C*°. Define z; = fi(vo) - yo, where yo € S, and
fi(yo) € GT are as defined in the previous proposition. Given a Higgs bundle z; = (04, ¢), let V 4 denote
the covariant derivative with respect to the metric connection associated to J4.

Lemma 3.4. For each initial condition yo € Sy, there is a uniform bound on supy |V u(z)| and
supy |V ¢l for each £ > 0.

Proof. Since {eP - yy : t € [0,00]} is a compact curve in the space of C*° Higgs bundles connecting two
C*° Higgs bundles yg and z, then sup y ‘u(eiﬁt . yo)‘ and supy |V 4¢| are both uniformly bounded along
the sequence e - y5. By construction, z; is the time ¢ YMH flow with initial condition e*’* - 5. Along
the YMH flow, for each ¢ the quantities sup y |V£A,u} and supy ‘Vﬁ@‘ are both uniformly bounded by a
constant depending on the value of supy |u| and supy |V 4¢| at the initial condition (cf. [51, Sec. 3.2]).
Since these quantities are uniformly bounded for the initial conditions, then the result follows. ([l

Corollary 3.5. There is a subsequence t,, such that hy, — heo in the C™ topology. Therefore hoo is C™°.

Proof. Since z; is contained in the complex gauge orbit of yg for all ¢, then [51, Lem. 3.14] shows that
the uniform bound on ‘Vﬁu(zt)} from the previous lemma implies a uniform bound on ‘VQFA} for all /.
Therefore, since Proposition 3.3 shows that h; converges in (", then the estimates of [8, Lem. 19 & 20]

show that h; is bounded in C* for all £, and so there is a subsequence h;, converging in the C topology. [J
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3.1.3. C™ convergence in the space of Higgs bundles. In this section we show that the scattering construc-
tion converges in the C'°° topology on the space of Higgs bundles. As a consequence of the methods, we
obtain an estimate that shows the solution to the reverse heat flow constructed in Section 3.1.4 converges to
the critical point x in the smooth topology.

This section uses a slightly modified version of the flow from the previous section, defined as follows.
Given yp € S, and ¢t > 0, let z3 = ¢s - etht . 1o be the time s solution to the YMH flow (2.3) with
initial condition e??* -y, let s(t) be the unique point in time such that YMH(zy;)) = YMH(yo) and
define ¢ = min{¢, s(¢)}. At a critical point, the curvature i * (F4 + [¢, ¢*]) takes the form of a diagonal
matrix whose entries are rational numbers with denominator bounded above by rank(FE) (cf. (2.6)), and
therefore the critical values of YMH are discrete, which implies that ¢’ is well-defined for small values of
YMH(z) — YMH(yo). The figure below shows the two cases t’ = s(t) < tand t' =t < s(¢).

x x
et .y, et . yo
Case t' = s(t) <t Case t' =t < s(t)
ciBt 1Bt gv
YMH"'(YMH(y0)) YMH" (YMH(y0)) z=gv e yo
Yo | z¢ = gy e? Yo Yo
Sy Sy

¢, wy and so the results of the

Now define z; = gy - etht. yo and wy = etht=t) -1yo. Note that z; = gy - eth
previous section show that the C” norm of the change of metric connecting w; and z; is bounded. Therefore

Corollary 2.12 shows that w; and z; are both uniformly bounded away from .
Lemma 3.6. There exists T > 0 such thatt —t' < T for all t.

Proof. If s(t) > t then ¢ = t and the desired inequality holds. Therefore the only non-trivial case is
s(t) < t. Since YMH(z;) = YMH(yo) and YMH is continuous in the L% norm on B, then there exists a
neighbourhood V' of x such that z; ¢ V for all t. We also have z; = fy - w; with fy = gt/ewt' such that
he = f;; f satisfies supy o(hy) < Cllwy — x|20 < Cllyo — |20 by Lemma 3.2, and so Corollary 2.12
shows that there exists a neighbourhood U of x in the L? topology on B such that w; ¢ U. Therefore there
exists 77 > 0 such that [|wy — x([2 > nand ||2; — x([12 = 7.

Since w; = Bt . yo and €% -y converges to x as s — oo, then there exists 7" such that t — t' < T
for all ¢, since otherwise [|w; — x|z < n for some ¢ which contradicts the inequality from the previous
paragraph. U
Remark 3.7. Since t — T < t/ < s(t), then YMH(g;_7 - €7 - yo) > YMH(yo) for all £. Equivalently,
YMH(g;_7 - 3¢=T) . (8T . 45)) > YMH(yo). Therefore, by using the fixed initial condition e?*T - 315 we
can guarantee that the YMH functional remains greater than YMH(y). This is used in Proposition 3.9 (see
also Remark 3.12).
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Next we use the Lojasiewicz inequality to derive a uniform bound on ||z; — || 2. The original Lojasiewicz
inequality for a real analytic manifold M and a critical point ¢ € M of an analytic function f : M — R
gives a neighbourhood of ¢ on which grad f(z) is bounded below by |f(z) — f(c)|" for some r > 0 (cf.
[33]). Simon [44] extended this to an infinite-dimensional setting and used this to prove convergence of
certain nonlinear evolution equations. This was further extended by Rade [41] who proved that the Yang-
Mills flow converges when the base manifold has dimension 2 or 3. In the next lemma we use the inequality
in a different way to show that the nonlinear flow z; remains in a given neighbourhood o fthe critical point

x if the linearised flow remains in a small enough neighbourhood of .

Lemma 3.8. Given ¢ > 0 there exists § > 0 such that for each yo € S with |[yo — x|[2 < & there exists a
neighbourhood U of x in the L? topology such that ||z — || 2 < & for all t such that et yy € U.

Proof. Recall from [51, Prop. 3.5] that there exists £y > 0 and constants C' > 0 and 6 € (O, %) such that

the Lojasiewicz inequality
(3.6) | grad YMH(z)| ;2 > C |[YMH(z) — YMH(z)|'™*

holds for all z such that ||z — 2| ;2 < €1. Recall the interior estimate [51, Prop. 3.6] which says that for any
positive integer k there exists € > 0 and a constant C’,’C such that for any solution z; = g5 - etht . 1o to the

YMH flow with initial condition e*?* - y which satisfies l|lxs — x| 12 <e2 forall 0 < s < S, then we have

S S
37) / | grad YMH(z,)l| 2 dt < C} / | erad YMH(zs)]| 2 dt.
1 0

where the constant Cj, is uniform over all initial conditions in a given GC orbit and for all S such that
|lxs — .T”L% < gg forall s € [0, S] (cf. Lemma 2.25). Define ¢’ = min{e, e1,£2}. A calculation using (3.6)
(cf. [44]) shows that any flow line 5 which satisfies ||zs — || 2 < ¢’ for all s € [0,t'] also satisfies the

gradient estimate
C0|| grad YMH ()| 12 < 5? [YMH(z) — YMH(z)|
S

and so if [|z; — z|[ ;2 < ' forall s < ¢’ then

t/
/ | erad YMH(z,)| 2 ds < — (| YMH(z) — YMH(zy)[® — | YMH(z) — YMH(mo)le)
3.8) Jo (/19
< - N|?
< S [YMH(2) ~ YMH(z,)

Let k = 1in (3.7) and choose § > 0 so that [|yo — [[ 2 < & implies that that 27| YMH(z) — YMH(yo)|? <

%, where C and 6 are the constants from the Lojasiewicz inequality (3.6) and (' is the constant from (3.7)
1

for k = 1. Therefore, since YMH(yo) = YMH(2y) < YMH(z,) < YMH(z) for all 7 < ¢/, then

/
forall 7 < t'.

1 0 9
. — |YMH(z) — YMH(z,)|” <

Since the finite-time YMH flow depends continuously on the initial condition in the L2 norm by [51, Prop.

3.4], then there exists a neighbourhood U of z such that o € U implies that [[z1 — z([12 < 1€/, Choose ¢
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large so that etht . Yo = et wy € U and let x5 = g5 - etht . 1o be the solution to the YMH flow at time s
with initial condition zg = e/t - 1o Note that xy = z;. Define

7 =sup{s | |z, — z[lp2 <& forallr < s}

and note that 7 > 0. By definition of 7, the Lojasiewicz inequality (3.6) and the interior estimate (3.8) are
valid for the flow line x4 on the interval [0, 7]. If 7 < ¢, then (3.8) and (3.9) imply that
ler —2llp2 <z — 2z + lor — 212
1 T
< 55’ + / | grad YMH(z)| 2 ds
1
1 / / 4
< - +0) Il grad YMH (z5)|| 12 ds
0

1
e+ =¢
+ 3

contradicting the definition of 7 as the supremum. Therefore ¢ < 7 and the same argument as above shows

W =

that [lzy — o2 < 2¢/, so we conclude that z; = zy satisfies ||z; — z| 2 < 2¢/ < ¢ for all t such that
e'bt . Yo € U. ]

Now that we have a uniform L? bound on z; — x, then we can apply the same idea using the interior
estimate (3.7) as well as continuous dependence on the initial condition in the Li norm from [51, Prop. 3.4]
to prove the following uniform Lz bound on z; — .

Lemma 3.9. Given ¢ > 0 and a positive integer k there exists § > 0 such that if ||yo — z|| 2 < 0 then there
exists a neighbourhood U of x in the L} topology such that ||z, — x| 2 <& forallt such that ety € U.

Now we can prove that there is a limit z,, in the space of C'*® Higgs bundles. In Section 3.1.4 we will
show that z,, € W .

Proposition 3.10. For each yo € S, let z; be the sequence defined above. Then there exists z~, € B such

that for each positive integer k there exists a subsequence of z; converging to z~, strongly in Li.

Proof. The previous estimate with & = 2 shows that ||z, — || is bounded. Compactness of the embedding
L% 11 Lz shows that there is a subsequence {z;, } converging strongly to a limit z, in L?.
For any k& > 1, the same argument applied to the subsequence {z;, } from the previous paragraph shows

that there exists a further subsequence, which we denote by {Ztnj }, which converges strongly in L%. Since

L3 o . . .
2y, — Zso then the limit in L% of 2t,,, Must be z also. Therefore 2z, is a C'*° Higgs pair. U

j
Finally, we can prove that z, is gauge-equivalent to yy. Recall the constant 7' from Lemma 3.6 and let
(2, $) denote the time s downwards YMH flow (2.4) with initial condition z;. The gauge transformation
fi(yo) € G© from Proposition 3.3 satisfies f(yo) - yo = ¢(z¢, t — t').

For any k, let z;, be a subsequence converging strongly to z, in Lﬁ. Such a subsequence exists by
Proposition 3.10. Since 0 < ¢, — ¢/, < T for all n then there exists s € [0,7] and a subsequence {t,,}
such that ¢,,, — ¢/, , — s. Since the finite-time YMH flow depends continuously on the initial condition in

L2, then ftu,(0) - 0 = ¢(2t,,,tn, — t3,) converges to 29 == ¢(200, ) strongly in L?. After taking a
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further subsequence if necessary, the method of Section 3.1.2 shows that the change of metric associated to

ftw (yo) converges strongly in Li 11+ Therefore, since the action of the Sobolev completion S%H onB 2 is

continuous, then ¢(zo, s) (and hence z) is related to yo by a gauge transformation in 9(22 . Since gy and
k+1
Z~o are both smooth Higgs pairs then an elliptic regularity argument shows that this gauge transformation is

smooth. Therefore we have proved the following result.

Proposition 3.11. Given any yo € S, let zoo be the limit from Proposition 3.10. Then there exists a smooth
gauge transformation g € GC such that zoc = g - yo.

Since 2, = (200, 5) is related to 2o, by the finite-time flow and s is bounded, then we have the following

estimate for |22, — z|| 12~ Note that this requires a bound on [lyo — | 2 for the estimates of this section to

work, and a bound on ||yp — x||co for the estimates of Lemma 3.2 to work.

Corollary 3.12. For all € > 0 there exists 6 > 0 such that ||yo — x||z2 + [|yo — zllco < & implies

128 — 2l <.

Remark 3.13. The previous proof uses the fact that the finite-time flow depends continuously on the initial
condition. The limit of the downwards YMH flow as ¢ — oo depends continuously on initial conditions
within the same Morse stratum (cf. [51, Thm. 3.1]). It is essential that the constant 7" from Lemma 3.6 is
finite (which follows from Corollary 2.12) in order to guarantee that 2, and ¢ (2, S) are gauge equivalent.

Without a bound on 7, it is possible that z, may be in a different Morse stratum to lim;_, o p(2¢,t — t/).

3.1.4. Constructing a convergent solution to the backwards YMH flow. In this section we show that the
limit z, is in the unstable set W".

Proposition 3.14. For each yo € Sy there exists g € G© such that g - yo € W,

Proof. In what follows, fix any positive integer k. Given yo € S, let 20 = f:(yo) - ¥o, wWhere f; is the com-
plex gauge transformation from Proposition 3.3. Again using ¢(z, s) to denote the time s downwards YMH
flow with initial condition z, Proposition 3.11 shows that there exists 20, := (200, s) and a subsequence
{2 } such that z) — 23 strongly in L3.

Given ), define z2_ as above, and now consider any s > 0. Let y; = €7y and define 2 % = fi(ys)-ys.
By definition, 20 = (2, %, s), i.e. z) is the downwards YMH flow for time s with initial condition
z; %. Applying Proposition 3.10 to the subsequence {z; ® .} shows that there is a subsequence {2, ®  }
converging in Lz to some z_°. Since the YMH flow for finite time s depends continuously on the irjlitial
condition (cf. [51, Prop. 3.4]) then 2{ = ¢(z;°_,,s) converges to (25, s). Since we already have
z) = 20, then 20, = (237, s). ] J

Therefore, for any s > 0 we have constructed a solution to the YMH flow on [—s, 0] connecting 20 and
z55. Proposition A.1 shows that this solution must be unique for each s, and so we can extend this to a
solution on the time interval (—oo, 0].

Moreover, we also have the uniform bound from Corollary 3.12 which shows that for all € > 0 there

exists 0 > 0 such that ||z — acHLi < ¢ for all yo such that [|yo — «[[z2 < 0. Therefore as s — oo, the
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sequence z ° converges strongly to x in the L2 norm for any k, and so 2%, = g - yo € W, . Proposition

2.21 then shows that the convergence is exponential in each Sobolev norm. O

3.2. Convergence of the inverse process. In this section we consider the inverse procedure to that of the
previous section and prove that each point in the unstable set W is gauge equivalent to a point in the
negative slice S . The idea is similar to that of the previous section, except that here we use the modified
flow from Section 2.3 instead of the Yang-Mills-Higgs flow (2.4).

3.2.1. A C" bound in the space of metrics. Given yo € W, let y; = g; - yo be the solution to the modified
flow (2.11) with initial condition yy. Define f; = g; - €’ and let hy = f; f;. This is summarised in the
diagram below.

xT
Yo
e~ Bt gt
— gt - Yo
e~ Pt . Yo 7,
W,

x

Using a similar calculation as the previous section, we have the same expression for the change of metric

as in Lemma 3.1.

Lemma 3.15. For any initial condition yo € W, the induced flow on G© /S satisfies
dh _ i . ‘
(3.10) d—tt = —2ihyun(e Pt yo) + iBhy + ihyB.

Proof. A similar calculation as in the proof of Lemma 3.1 (this time using the modified flow (2.11)) shows
that

dftft = —ip(gt - yo) + (gt - yO)—Fft(ZB)f

Then
dh df (A .
g () dvr ()
= 17 (=ipge - yo) — v(ge - wo) + (fF) @B f — inlge - wo) + (gt - wo) + fe(iB)f) fo
= —=2ihyf; ' 1(ge - yo) fi + iBhe + il
= —2ihypup (et yo) + iBhy 4 iheB. O
Lemma 3.16. For every € > 0 there exists a constant C' > 0 such that for any initial condition yo € W
BT

with ||e™"P* - yo — x||cr + ||lgT - Yo — x||cr < € we have the estimate

supa (i) < C (Jle=" - yo — s + llgr - vo — vl )
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forall0 <t <T.

Proof. In contrast to the proof of Lemma 3.2, e . is not in the slice S, and so it satisfies the inequality

(e - yg) — Bllco < C||e™* - yo — x| instead of the quadratic bound of Lemma 2.17. Using this
inequality, the same idea as in the proof of Lemma 3.2 leads to the bound

(gt + A) o(hy) < Cille™™ - (yo — )| en (Tr(he) + Tr(h 1))

= Cille™" - (yo — @) |10 (he) +2C1 ][ - (yo — @) || 1 rank(E)
In general, if the heat operator is bounded for all £ > 0

(5:+2) £0.0) < O+ D). pe Xite .00

for some nonnegative functions C'(¢) and D(t) independent of p € X, then f(p, t) satisfies the bound

(3.12) Fput) < eXp( Ot C(s) ds> ( /0 "Ds)ds + f 0)>

Therefore, since hy = id and so o(hg) = 0, then (3.11) implies that the problem reduces to finding a bound

3.11)

for fg le=%% - (yo — x)|| 1 ds. Proposition 2.21 shows that the backwards flow with initial condition in W~
converges exponentially to x in every Sobolev norm. Therefore there exists a neighbourhood U of x such
that if g7 - yo € U then there exist positive constants C; and 7 such that the following estimate holds

lyo — z[lcr < Cre™ T ||gr - yo — z|cn-

Recall the eigenbundles End(F)_, End(E)o and End(E) 4 from Section 2. The above estimate shows that
each component of g — = in End(F)_, End(E)g and End(FE) is bounded by C1e~"||g7 - yo — /|1

Since the component of e ~*%* . (g — 2) in End(E) is exponentially decreasing with ¢ then
T
/ (e yo — @)pnace)., lerdt < Chllyo — zl|cr < Cre™ ™ |gr - yo — 2| cn.
0
The component of e~* - (yg — ) in End(FE)j is constant with respect to ¢, and so

T
/ (e yo — )pnacm) lordt < CT|lyo — zlcr < CoTe ™ |gr - yo — 2.
0

Finally, the component of e~ - (yy — x) in End(E)_ is exponentially increasing. In general, for any A > 0

T 1 1
/ Mgt = = (6/\T _ 1) < — T
0 A A
and so we have the bound

T
/0 1 g0 — @)pmacey_llcr < Calle™T - (yo — ).

Combining the estimates for the three components shows that the integral

/ e85 - (yo — @)cn ds

we have the estimate

is bounded by

I(t) < Cre ™ ||gr - yo — zllor + CoTe |l gr - yo — zl|cr + Cslle™T - yo — 2| n
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The inequality (3.12) together with the assumption ||g7 - yo — z||c1 + [le T - yo — x||c1 < € shows that
there exists a constant C' such that

supo () < C ([l -y — zllcr + llgr - vo — zlcn =

3.2.2. Convergence in the space of Higgs bundles. In this section we use a method analogous to that of
Section 3.1.3 to show that the sequence converges in the space of Higgs bundles and that the limit is gauge
equivalent to yo. Given yo € W, and t € (—o0, 0], define s < 0 by |[|€?** - g:(v0) - o _x“Li = [lyo _xHLi-
Note that this is well-defined for small values of ||yp — || 12 since Lemma 2.16 shows that 9t(yo) Yo > x
in the C'™ topology as t — —oc and for s < 0 the action of e*** exponentially increases the C° norm of the
component of (o) o in End(E)_. Now define t' := max{t, s} < 0, let f;(y0) = €"** - gy (gi—' (v0) - %0)
and 2 := e - g, (yo) - yo = fr(yo) - ge—v (o) - yo. Let hy = fi f+ be the associated change of metric.

Lemma 3.16 then shows that supy o (ht) < C (|2t — 2|1 + [|ge—+ (o) - Yo — x||c1). Since either ||z, —
x”Li = |lyo — xHL% (when t < t') or g;—v(y0) - Yo = yo (when ¢ = t), then Corollary 2.12 shows that
gi—+(Yo) - Yo and 2, are both bounded away from « in the L} norm. As a consequence, |t — ¢/| is uniformly
bounded in the same way as Lemma 3.6. Therefore

G13) e gilyo) - yo— all e = 1P -z — a2 < C'llze — allyz = C'llyo — a2
for some constant C, which implies that there is a subsequence of ¢?* - g, (1) - 3o converging strongly to a
limit 29 in L7 ;. Since this is true for all k, then 22, is a C°° Higgs pair.
A special case of (3.13) is
(3.14) 1€ ge(y0) - w0 — xllcr < Clle™ - gi(o) w0 — =1z < C'llyo — 2|2
for any k such that L? — C' is an embedding.
By modifying the method of Proposition 3.3 we can now show that the change of metric converges in C°.

For t € (—o0, 0], define fi(yo) = € - gs(yo) and let t; < to < T < 0. This is summarised in the diagram
below.

Proposition 3.17. h:(yo) converges in the C° norm to a unique limit hoo(yo) € /G ast — —oc. The

limit depends continuously on the initial condition yo € W, . The rate of convergence is given by

(3.15) sup o (he(y0) (oo (0)) ) < ™" llyo — iz
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xT \
Y, = g, (Y0) * Yo

) Yt = Gt5(Y0) - Yo
615(11—752) Yty
Wy
Yo
fe: (o) - yo = P11 -y, fro (o) - yo = €72 -y,

where Cy > 0 is a constant depending only on the orbit G - x, the constant n is from Proposition 2.21 and k

is a positive integer chosen so that Li — C' is a continuous embedding.

Proof. The result follows from the same procedure as the proof of Proposition 3.3, except now we use the
estimate from Lemma 3.16 instead of the estimate from Lemma 3.2 and the distance-decreasing formula for
the modified flow from Lemma 2.19.

Lett; < ta < T < 0, and let hy, ¢, (y1,) be the change of metric connecting y:, = g1, (Yo) - yo and
ePlhi=t2) .y Lemma 3.16 and the estimate (3.14) above show that hy, _, (s, ) satisfies

up (I, 1y (1)) < € (1) gy = allen + e, — )

< CC,Hytz - xHLz + CHth - $||Cl

< Clyr —zl iz < o lyo — 2

By the construction of the modified flow, the gauge transformation connecting y;, and eiBti—t2) . Yy, 1s in

GC, The distance-decreasing formula for the action of e** (t1=%2) from Lemma 2.19 then implies that

U(ht1 (yU)htz (yo)il) < U(ht1—t2 (yt2))

and so the sequence h4 (%) is Cauchy in the C° norm, by the same proof as Proposition 3.3. O

Therefore 1 is connected to 22, by a C” gauge transformation. Elliptic regularity together with the fact
that z2_ is a C°° Higgs pair then shows that y is gauge equivalent to zJ_ by a C* gauge transformation.

The same method as the proof of Proposition 3.14 then allows us to explicitly construct a solution of the
linearised flow 2® = €*%%-20_ converging to 2 as s — +o00. More precisely, for t < 0 define iy = g:(0)-vo
and z,? = ¢ift . y; (recall that ¢ < 0 is used for the upwards flow). Then (3.13) shows that there exists a
subsequence {t, } such that z,?n — zgo strongly in Li_l. Given any t < —s < 0, define y_s = g_s(vo) - ¥o
and z,° = eBEs) g (y_s) - y_s = €PU+s) .y, and note that 2 = e~ s . 2 %

Then for each s there exists a further subsequence {¢,,} such that z; j+s — 25 strongly in L?_,. Since

s — eiﬁs 0 0

P s C2p e 2, 29, and z; *4s = % then the continuity of the action of ¢'% implies that
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X \
ye = 9¢(Yo) - Yo

Zt_:s = elﬂ(t+5) " Yt

0 8t —1iBs —s
24 = e’ "yt =¢€ s “Zts

25 = e . 20 . Replacing yo by y_ in the estimate (3.13) shows that 23* — 2 as s — oco. Lemma 2.10
then shows that 29 is GC equivalent to a point in S, , which is smooth by Lemma 2.7.
Therefore yg is G* equivalent to a point in S, and so we have proved the following converse to Propo-

sition 3.14.
Proposition 3.18. For eachyy € W there exists a C™ gauge transformation g € G such that g-yo € Sy .

3.3. An algebraic criterion for the existence of flow lines. The results of the previous two sections com-

bine to give the following theorem.

Theorem 3.19. Let E be a complex vector bundle over a compact Riemann surface X, and let (04, ¢) be a
Higgs bundle on E. Suppose that E admits a filtration (EM ¢V € ... ¢ (E™, ¢(™) = (E, ¢) by Higgs
subbundles such that the quotients (Qy, 1) = (E®) ¢®)/(E®=D ¢(*=1) are Higgs polystable and
slope(Qy) < slope(Q;) for all k < j. Then there exists g € G© and a solution to the reverse Yang-Mills-
Higgs heat flow equation with initial condition g - (0.4, ¢) which converges to a critical point isomorphic to
(Q1,01) ® -+ ® (Qn, dn)-

Conversely, if there exists a solution of the reverse heat flow from the initial condition (04, ¢) converg-
ing to a critical point (Q1,$1) ® - ® (Qn, én) then (D, ¢) admits a filtration (EM, ¢M) c ... c
(E(”), gb(”)) = (F, ¢) whose graded object is isomorphic to (Q1,¢1) @ -+ ® (Qn, dn)-

Proof. Suppose first that (04, ¢) admits a filtration (EM), (1)) c ... ¢ (E™ ¢(")) = (E, ¢) by Higgs
subbundles such that the quotients (Qy, ¢y) = (EW®), ¢®)/(E*-1) (*=1)) are Higgs polystable and
slope(Qy) < slope(Q;) forall k < j. Let z be a critical point isomorphic to (Q1, $1)®- - - ® (Qn, ¢n), and
let U be the neighbourhood of = from Lemma 2.10. Then by applying the isomorphism z = (Q1, ¢1)®- - -
(Qn, ¢n) and scaling the extension classes there exists a complex gauge transformation such that g - (9.4, @)
isin U. Applying Lemma 2.10 shows that (04, ¢) is isomorphic to a point in S, and therefore Proposition
3.14 shows that (04, ¢) is isomorphic to a point in W,
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Conversely, if v = (Q1,$1) D - - ® (Qn, ¢») is a critical point and (04, ¢) € W, then Proposition 3.18
shows that there exists g € G such that g- (04, ¢) € S, . Therefore Lemma 2.10 shows that (04, ¢) admits
a filtration whose graded object is isomorphic to (Q1, ¢1) @ -+ - D (Qn, On)- O

4. THE HECKE CORRESPONDENCE VIA YANG-MILLS-HIGGS FLOW LINES

Let (E, ¢) be a polystable Higgs bundle of rank r and degree d, and let (L,, ¢,,) be a Higgs line bundle
with deg L,, < slope E. Let F' be a smooth complex vector bundle C'**° isomorphic to £ & L, and choose
a metric on F such that the Higgs structure on (E, ¢) & (L., ¢,,) is a Yang-Mills-Higgs critical point in
the space B(F') of Higgs bundles on F. The goal of this section is to show that Hecke modifications of
the Higgs bundle (E, ¢) correspond to Yang-Mills-Higgs flow lines in B(F') connecting the critical point
(E, ¢) @ (Ly, ¢y,) to lower critical points.

In Section 4.1 we review Hecke modifications of Higgs bundles. Section 4.2 describes how the space
of Hecke modifications relates to the geometry of the negative slice and Section 4.3 contains the proof of
Theorem 4.22 which shows that Hecke modifications correspond to YMH flow lines. In Section 4.4 we give
a geometric criterion for points to be connected by unbroken flow lines in terms of the secant varieties of the
space of Hecke modifications inside the negative slice. In particular, this gives a complete classification of
the YMH flow lines for rank 2 (cf. Corollary 4.27). Throughout this section the notation € is used to denote
the sheaf of holomorphic sections of the bundle E.

4.1. Hecke modifications of Higgs bundles. The purpose of this section is to derive some basic results for
Hecke modifications of Higgs bundles which will be used in Section 4.3 to prove Theorem 4.22. In Section
4.4 we extend these results to study unbroken YMH flow lines. The Hecke correspondence was introduced
by Narasimhan and Ramanan [36], who applied it to study automorphisms of the moduli space of stable
bundles [37] and desingularisations of this space [38]. One important aspect of the Hecke correspondence is
its role in the Geometric Langlands program (cf. [10] and [31]; an excellent survey is [14]). It also appears
in the physics approach to Geometric Langlands [25] which has been further explained in [52].

First recall that a Hecke modification of a holomorphic bundle E over a Riemann surface X is determined
by points p1,...,p, € X (not necessarily distinct) and nonzero elements v; € E;j for j = 1,...,n. This
data determines a sheaf homomorphism & — ®7_,Cp, to the skyscraper sheaf supported at py, . . ., p, with
kernel a locally free sheaf &’. This determines a holomorphic bundle £ — X which we call the Hecke
modification of E determined by v = (vy, ..., vp).

n
0-¢&—»¢&-dHcC, »0
j=1
Since the kernel sheaf &’ only depends on the equivalence class of each v; in IP’E;;J_ then from now on we
abuse the notation slightly and also use v; € IP’E;j to denote the equivalence class of v; € E;j.
As explained in [52, Sec. 4.5], if (F, ¢) is a Higgs bundle, then a Hecke modification of (F, ¢) may in-
troduce poles into the Higgs field and so there are restrictions on the allowable modifications which preserve

holomorphicity of the Higgs field.
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Definition 4.1. Let (F, ¢) be a Higgs bundle. A Hecke modification E’ of E is compatible with ¢ if the
induced Higgs field on £’ is holomorphic.

The next result describes a basic condition for the modification to be compatible with the Higgs field.

Lemma 4.2. Let (E,$) be a Higgs bundle, and 0 — &' — & —» C, — 0 a Hecke modification of E
induced by v € Ej. Then the induced Higgs field ¢' on E' is holomorphic if and only if there exists an
eigenvalue 1 of ¢(p) such that the composition € @ K ! Ll G N C, is zero.

Proof. Let ¢ € H°(End(E)® K). Then ¢ pulls back to a holomorphic Higgs field ¢’ € H°(End(E')® K)
if and only if for any open set U C X and any section s € €(U), the condition s € ker(E(U) - C,(U))
implies that ¢(s) € ker((€ ® K)(U) = C,(U)). After choosing a trivialisation of K in a neighbourhood
of p, we can decompose the Higgs field ¢(p) on the fibre £, as follows

4.1) 0 ker v E, Cp 0
l d)(p)'ker'u \qu(p) iu
0 ker v E, Cp 0

where scalar multiplication by p is induced from the action of ¢(p) on the quotient C, = E,,/ ker v. There-
fore the endomorphism (¢(p) — 2 - id) maps E, into the subspace kerv and so v € Ej descends to a
well-defined homomorphism v’ : coker (¢(p) — p - id) — C.

Conversely, given an eigenvalue 1 of ¢(p) and an element v" € coker(¢(p) — p - id)*, one can choose a
basis of £, and extend v to an element v € Ej; such that im(¢(p) — - id) C kerv. Equivalently, ¢(p)
preserves ker v and so v € E; defines a Hecke modification E' of E such that the induced Higgs field on
E' is holomorphic. O

Corollary 4.3. Let (E, ¢) be a Higgs bundle and let 0 — &' — & % C,, — 0 be a Hecke modification of E

induced by v € PE. The following conditions are equivalent

(1) The induced Higgs field ¢’ on E' is holomorphic.
(2) There exists an eigenvalue 1 of ¢(p) such that v(¢p(s)) = pv(s) for all sections s of E.

(3) There exists an eigenvalue 1 of ¢(p) such that v descends to a well-defined v' € (coker(p(p) — p -
id))*.

Lemmad4.4. Let (E, ¢) be a Higgs bundle and (G, ) a Higgs subsheaf. Then there exists a Higgs subbundle
(G',¢") C (E, @) such that rank(G) = rank(G") and (G, ) is a Higgs subsheaf of (G', ).

Proof. Since dimc X = 1 then a standard procedure shows that there is a holomorphic subbundle G’ C E
with rank(G) = rank(G’) and G is a subsheaf of G’, and so it only remains to show that this is a Higgs
subbundle. The reverse of the construction above shows that the Higgs field ¢ preserving G extends to a
meromorphic Higgs field ¢’ preserving G’, and since this is the restriction of a holomorphic Higgs field ¢ on
E to the holomorphic subbundle G, then ¢’ must be holomorphic on G’. Therefore G’ is ¢-invariant. [
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Definition 4.5. A Higgs bundle (F, ¢) is (m,n)-stable (resp. (m,n)-semistable) if for every proper ¢-

invariant holomorphic subbundle F' C E we have

deg FF+m < degEE —n
rank F rank F

(resp. <).

If (E, ¢) is (0,n)-semistable then any Hecke modification 0 — (&',¢) — (€,¢) — @7_,Cp; — 01is
semistable.

Definition 4.6. Then space of admissible Hecke modifications is the subset Ny C PE* corresponding to the
Hecke modifications which are compatible with the Higgs field.

Remark 4.7. (1) If ¢ = 0 then Ny = PE*. If E is (0, 1)-stable then there is a well-defined map
PE* — PH!(E*). The construction of the next section generalises this to a map Ny — PH!(E*)
(cf. Remark 4.16).

(2) Note that the construction above is the reverse of that described in [52], which begins with £’ and
modifies the bundle to produce a bundle E with deg E = deg E’ + 1. Here we begin with E and
construct £’ via a modification 0 — & — & — C, — 0 since we want to interpret the compatible
modifications in terms of the geometry of the negative slice (see Section 4.2) in order to draw a
connection with the results on gradient flow lines for the Yang-Mills-Higgs flow functional from
Section 3.3.

(3) One can also see the above construction more explicitly in local coordinates as in [52] by choosing
alocal frame {s1, ..., s,} for E in a neighbourhood U of p with local coordinate z centred at p and
for which the evaluation map € - C,, satisfies v(s1) = s1(0) and v(s;) = 0 forall j = 2,...,n.
Then over U \ {p}, the functions {1s1(2), s2(2) . .., sn(2)} form a local frame for E’. Equivalently,

1

the transition function g = maps the trivialisation for F to a trivialisation for E’ (note

z
0 id
that this is the inverse of the transition function from [52, Sec. 4.5.2] for the reason explained in the

previous paragraph). In this local frame field on E we write ¢(z) = <é22 gEzD The action
on the Higgs field is then
A(z) B()\ 1_ (Alz) 1B(2)
I\c(z) D)7 T \:0() D)

Therefore the induced Higgs field on E’ will have a pole at p unless B(0) = 0. The scalar A(0) in
this local picture is the same as the scalar u from (4.1), and we see that

. 0 0
¢(p) — p-id = <C(O) D(0) — - id)

With respect to the basis of £, given by the choice of local frame, v(¢(p) — p - id) = 0. Moreover,
via this local frame coker(¢(p) — 1 -id) is identified with a subspace of E,, which contains the linear

span of s1(0). Therefore we see in the local coordinate picture that v € E descends to an element
of (coker(o(p) — p - id))*.
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The next result shows that the admissible Hecke modifications have an interpretation in terms of the
spectral curve associated to the Higgs field. This extends the results of [52] to include the possibility that p
is a branch point of the spectral cover.

First recall Hitchin’s construction of the spectral curve from [16]. Let (E, ¢) be a Higgs pair. Then there
is a projection map 7 : K — X and a bundle 7* E over the total space of the canonical bundle together with
a tautological section A\ of 7*FE. The zero set of the characteristic polynomial of 7*¢ defines a subvariety
S inside the total space of K. The projection 7 restricts to a map m : S — X, where for each p € X
the fibre 7! (p) consists of the eigenvalues of the Higgs field ¢(p). As explained in [16], generically the
discriminant of the Higgs field has simple zeros and in this case .S is a smooth curve called the spectral
curve. The induced projection 7 : S — X is then a ramified covering map with ramification divisor denoted
RcCS.

The pullback of the Higgs field to the spectral curve is a bundle homomorphism 7*E — 7*(E ® K), and
the eigenspaces correspond to ker(7*¢ — \-id), where \ is the tautological section defined above. When the
discriminant of the Higgs field has simple zeros then Hitchin shows in [16] that the eigenspaces form a line
bundle N' — S and that the original bundle E can be reconstructed as 7, £, where the line bundle £ — S'is

formed by modifying N at the ramification points 0 = N — £ — @ .4 C, — 0. One can reconstruct the

pER
Higgs field ¢ by pushing forward the endomorphism defined by the tautological section A : L — L ® 7% K.

Lemma 4.8. If the discriminant of ¢ has simple zeros then an admissible Hecke modification of (E, ¢)

corresponds to a Hecke modification of the line bundle L over the spectral curve.

Proof. Consider the pullback bundle 7* E — S. The pullback of the Higgs field induces a sheaf homomor-
phism (7%¢ — A -id) : 7€ @ (7*K)~! — 7*E. As explained in [52, Sec. 2.6], when the discriminant of ¢
has simple zeros then the cokernel of this homomorphism is the line bundle £ — S such that £ = 7,.C.

For ;u € S such that p = 7(y), there is an isomorphism of the stalks of the skyscraper sheaves C,, =
7«(C,). Then a Hecke modification £ 1/> C,, given by nonzero v' € L7, induces a Hecke modification
v=1v"oqon*: & — C,, defined by the commutative diagram below.

1€ @ (r*K) 1 2N ee 9 coker(n* — A - id) —— 0

/
T* \
v

3 C,p 0

The definition of v implies that for any open set U C X with a trivialisation of K in a neighbourhood of p,
and all s € E(U) we have

v(gs) = v" o q(7"(¢s)) = v' o q(um*(s)) = pv' o gon(s) = pu(s)

and so v is compatible with the Higgs field by Corollary 4.3.

Conversely, let v € EJ be compatible with the Higgs field ¢. Corollary 4.3 shows that this induces a
well-defined element of coker(¢ — p - id)*. Consider the endomorphisms ¢(p) — p - id on the fibre of F
over p € X and 7*¢(u) — p - id on the fibre of 7*F over u € S.
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T ¢—p-id
(T"Eem* K1), omp (m*E), — coker(m*¢ — p-id), —=0

A
O $—pid L
(E®@ K1), E, coker(¢ — p-id), ——0

The universal property of cokernel defines a map coker(¢ — p - id), — coker(n*¢ — p - id),. Since

the discriminant of the Higgs field has simple zeros then both fibres are one-dimensional and so this map
becomes an isomorphism. Therefore v induces a well-defined homomorphism on the fibre coker(7*¢ — p -
id),, — C, and hence a Hecke modification of £ at y1 € S. 0

Remark 4.9. When p € X is not a branch point of 7 : S — X then this result is contained in [52].
Corollary 4.10. If the discriminant of ¢ has simple zeros then the space of Hecke modifications is Ny = S.

4.2. Secant varieties associated to the space of Hecke modifications. The purpose of this section is to
connect the geometry of the space of Hecke modifications with the geometry of the negative slice at a critical
point in order to prepare for the proof of Theorem 4.22 in the next section.

Let (E1,$1) and (Es, ¢2) be Higgs bundles and let 94 denote the induced holomorphic structure on
E7 E,. Then there is an elliptic complex

* L * * L *
QUErEy)) =5 QVYETEy) @ QYO(ETEy) =2 QVYYELE,),

where L1 (u) = (0au, pou —ugy) and La(a, ¢) = (0ap+[a, ¢]). Let H® = ker Ly, H' = ker L} Nker Lo
and % = ker L} denote the spaces of harmonic forms. Recall that if (E, ¢1) and (E2, ¢2) are both Higgs
stable and slope(E») < slope(F;) then H°(E} Ey) = 0.

Now consider the special case where (E71, ¢1) is (0,n)-stable and (Es, ¢2) is a Higgs line bundle. Let B
denote the space of Higgs bundles on the smooth bundle E; & E» and choose a metric such that (E1, ¢1) ®
(E3, ¢2) is a critical point of YMH : B — R. Definition 2.5 shows that H!(Ef Fs) = S, is the negative
slice at this critical point.

Let0 — (&',¢") = (€1,¢1) — @}_1C,; — 0 be a Hecke modification defined by v, ..., v, € PE].
Applying the functor Hom(-, €2) to the short exact sequence 0 — &' — £ — &;C, ; — 0 gives us an exact
sequence of sheaves 0 — Hom(€1, €2) — Hom(E', €2) — @7, C}; — 0, where the final term comes
from the isomorphism Ext! (&;C,,, £2) = Hom(€2, ®;C), ® K)* = ®;Cy,. Note that this depends on a
choice of trivialisations of £, and K, however the kernel of the map Hom(€&’, €2) — @©;C,, is independent

of these choices. This gives us the following short exact sequence of Higgs sheaves

n
4.2) 0— &8 — ()€ = EPC;, 0
j=1

There is an induced map QV((E')*Ey) — QLO((E')*Es) given by s — ¢2s — s¢’. Recall from Corollary
4.3 that there exists an eigenvalue p; for ¢1(p;) such that v(¢1(pj) — pj -id) = O foreach j = 1,...,n.
From the above exact sequence there is an induced homomorphism Q1 ((E')* Ey) el ®7_1Cp; — 0. The
component of ev! (¢2s — s¢) in Cp, is (¢2(p;) — p;)s. In particular, gos — s¢’ € ker(ev') iff ¢o(p;) = p;
forallj =1,...,n.
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Definition 4.11. Let (E1, ¢1) be a Higgs bundle, and (Es, ¢2) a Higgs line bundle. The space of Hecke mod-
ifications compatible with ¢1 and ¢2, denoted Ny, 4, C Ny, , is the set of Hecke modifications compatible
with ¢1 such that ev! (¢os — 5¢') = 0 for all s € Q((E')*Ey).

Remark 4.12. Note that if n = 1 and v € PET is a Hecke modification compatible with ¢, then the
requirement that v € Ny, 4, reduces to ¢2(p) = p, where p is the eigenvalue of ¢ (p) from Corollary 4.3.
Such a ¢ € HY(End(E;) ® K) = H°(K) always exists since the canonical linear system is basepoint
free and therefore | J o HO(K) Ngy.¢o = Ng,. If n > 1 then ¢ with these properties may not exist for some
choices of ¢ € HY(End(F;) ® K) and vy, ..., v, € PEY (the existence of ¢ depends on the complex
structure of the surface X). If ¢; = 0, then we can choose ¢2 = 0 and in this case Ny, ¢, = Ny, = PET
(this corresponds to the case of the Yang-Mills flow in Theorem 4.22).

Lemma 4.13. Let (E1, ¢1) be Higgs polystable and (Es, ¢2) be a Higgs line bundle. Let 0 — (&', ¢') —
(&, ¢0) — ®7_1Cp; — 0 be a Hecke modification defined by distinct vy, . .., vn € N, g,.

Then there is an exact sequence
4.3) 0 — HYE;Ey) — HO((E')*Ey) — C* — HY(EfEs) — HY((E')*Ey)

Proof. The short exact sequence (4.2) leads to the following commutative diagram of spaces of smooth

sections

i * ev? n
QV(ETEy) QU((E")*Ey) D1 Cp, ——0

J=1

7* ev! n
0 —= Q¥Y(EfEy) © QVY0(EEp) — QU (') Es) @ QM ((E')* Ez) = @), Cp, ® Cp; —0

0

Since 045 depends on the germ of a section around a point, then there is no well-defined map @?:1 Cp, —
@?:1 Cp, ® Cp, making the diagram commute, so the exact sequence (4.3) does not follow immediately
from the standard construction, and therefore we give an explicit construction below.

First construct a map C" — H!(EjEs) as follows. Given z € C", choose a smooth section s’ €
QY((E')*Es) such that ev®(s’) = z and ev!(945') = 0. Since ¢a(p;) = puj, then ev!(¢p2s’ — s'¢') = 0 and
so ev!(Lys') = 0. Therefore (045', p2s’ — s'¢') = i*(a, o) for some (a,¢) € QU EfEs) © QYO(Ef Es).
Let [(a, ¢)] € H'(E;E2) denote the harmonic representative of (a, ). Define the map C* — H'(E; Es)
by z = [(a, ¢)].

To see that this is well-defined independent of the choice of s’ € Q°((E')*E,), note that if s” €
QO((E")* Ey) is another section such that ev’(s”) = z and ev!(945") = 0, then ev’(s” — s’) = 0, and so
s" —s' = i*(s) for some s € Q(E} Ey). Therefore Ly (s” —s') = i*Li(s) with [L1(s)] = 0 € H(E} Es),
and so s’ and s” determine the same harmonic representative in H!(E} E3).

To check exactness of (4.3) at the term C”, note that if z = ev’(s’) for some harmonic s’ € H°((E’)* Es),
then Li(s’) = 0 = i*(0,0), and so 2 € C" maps to 0 € H'(E}Ey). Moreover, if 2 maps to 0 €
H(E} Ey), then there exists s’ € Q°((E’)*Ey) such that Ly (s') = i*(a, ) where (a,p) € Q"Y(EfEy) @
QLO((E")*Es) and (a, ) = Li(s) for some s € Q°(E}E,). Therefore s’ and i*s differ by a harmonic
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section of H((E')*Es). Since ev®(i*s) = 0 then z is the image of this harmonic section under the map
FO((E')*Es) — C™.

To check exactness at 3! (E; Fs), given z € C™ construct (a,¢) as above and note that i*(a, ) =
Lys' for some s’ € QU((E")*Es). Therefore i*[(a,p)] = 0 € H'((E')*Es) and so the image of C* —
H(E}Ey) is contained in the kernel of 3(E;FEs) — 3'((E')*E,). Now suppose that the image of
[(a, )] is zero in H((E')*Ey), i.e. i*(a,p) = Ly1s' for some s’ € QO((E')*Es). Let 2 = ev¥(s’). Note
that 2 = 0 implies that s’ = i*s for some s € Q°(E}Ey), and so [(a,¢)] = 0. If z # 0 then there
exists s” € QO((E")*E3) such that ev!(L1(s"”)) = 0 and ev®(s”) = 2. Then Li(s") = i*(a",¢") for
some (a”, ") € QVY(EfEy) @ QYO(EfEs). Moreover, ev’(s” — §') = 0, so s” — s’ = i*s for some
s € QO(E; By). Commutativity implies that L1s = (a”, ¢"”) — (a, ¢), and so the harmonic representatives
[(a,¢)] and [(a”, ¢")] are equal. Therefore [(a, ¢)] is the image of z by the map C* — H'(E} E;), which
completes the proof of exactness at H!(E} Es).

Exactness at the rest of the terms in the sequence (4.3) then follows from standard methods. ]

For any stable Higgs bundle (E, ¢) with d = deg E and » = rank F, define the generalised Segre

invariant by

sp(E,¢) :=kd—r (FcEIg%}IEF:k deg F> :

where the maximum is taken over all ¢-invariant holomorphic subbundles of rank k. Note that si(F, ¢) >
Sk(E, 0) = Sk(E) and
1

Esk(Ev (b)

Note that any Hecke modification (E’,¢’) — (FE,¢) with deg E — deg E’ = n has Segre invariant
sk(E',¢') > si(E,¢) — nk. As a special case, (E',¢') is stable if n < 3s5,(E, ¢) forallk =1,...,r — 1.
A theorem of Lange [30, Satz 2.2] shows that a general stable holomorphic bundle E satisfies si(E) >

= i 1 E) —sl F
FCE,IJrr;Inrll(F:k(S ope(E) = slope(F))

k(r —k)(g — 1) forall k = 1,...,r — 1. Since there is an dense open subset of stable Higgs bundles
whose underlying holomorphic bundle is stable, then Lange’s theorem also gives the same lower bound on

the Segre invariant for a general stable Higgs bundle.

Lemma 4.14. Let 0 — (E',¢') — (E,¢) — @7_,Cp; — 0 be a Hecke modification defined by distinct
points v1, . ..,v, € PE* such that n < %sk(E, @) forallk =1,...,r—1. Thenslope(G) < slope(E") for
any proper non-zero Higgs subbundle (G, ¢c) C (E, @). In particular, this condition is satisfied if (E, ¢)

is a general stable Higgs bundle and n < g — 1.

Proof. Let k = rank GG and h = deg GG. Then the lower bound on the Segre invariant implies that
d—n h 1

slope(E’) — slope(G) = i M (kd — kn —rh)
1
> — (s(E,0) — k)

Therefore if n < }sx(E, ¢) then slope(E’) —slope(G) > 0 for any Higgs subbundle of rank k. If n < g—1
then [30, Satz 2.2] shows that this condition is satisfied for general stable Higgs bundles. t
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Corollary 4.15. Let (F1, ¢1) be a stable Higgs bundle, let n < %sk(El, ¢1) forallk =1,... rank(E;)—1

and let (Es, ¢2) be a Higgs line bundle such that deg Ey < dfiilEzn. Then given any set of n distinct points

{v1,...,vn} C Ny, ¢, there is a well-defined n-dimensional subspace ker(H'(E; E2) — H'((E')*E»)).

Proof. Let (E', ¢') be the Hecke modification of (E1, ¢;) determined by {vy,...v,} C PE}. The lower
bound on the Segre invariant implies that (E’, ¢) is Higgs stable, and therefore H°((E’)*Ey) = 0 since

slope(Es) < slope(E’) = dffnflgln. The exact sequence (4.3) then reduces to

0— C" — HYETEy)) — HY((E')*Ey)

and so ker(H!(E} Ey) — HY((E')*Es)) is a well-defined n-dimensional subspace of H!(E7 Es) associ-
ated to {v1,...,vp}. O

Remark 4.16. As noted above, the maps C* — H!(E} E5) depend on choosing trivialisations, but different
choices lead to the same map up to a change of basis of C", and so the subspace ker(H!((E')*Ey) —
H(F}Ey)) is independent of these choices.

In the special case where n = 1, then this construction gives a well-defined map Ny, 4, — PH(E} E»).
When n < %sk (E1, ¢1) for all k, then Corollary 4.15 shows that any n distinct points vy, ..., v, span a
nondegenerate copy of P" ! in PH!(E; Ey).

In the special case where ¢1 = ¢ = 0 and E is trivial, then Ny, 4, = PE* and H!(E}) =2 HOY(EY) &
HYO(EY). Then the map PE* — HY(E}) — HYY(E}) = HO(E; ® K)* is the usual map defined for
holomorphic bundles (cf. [21, p804]).

Definition 4.17. The n'" secant variety, denoted Sec™ (N, 4,) C PH(E;E,), is the union of the sub-
spaces span{vy, . .., v, } C PH'(E}E,) taken over all n-tuples of distinct points v, ..., vy € N, 4,

The next lemma is a Higgs bundle version of [35, Lemma 3.1]. Since the proof is similar to that in [35]

then it is omitted.

Lemma 4.18. Let 0 — (FEs, ¢2) — (F, ¢~)) — (E1,¢1) — 0 be an extension of Higgs bundles defined

)

by the extension class [(a,¢)] € HY(EfEs). Let (E',¢') — (FE1,¢1) be a Higgs subsheaf such that
i*[(a, )] = 0 € H'((E')*Es). Then (E', ¢') is a Higgs subsheaf of (F, $).

0 — (B, ¢2) (F, ) (B1,¢1) —= 0

Corollary 4.19. Let (E, ¢1) be stable, letn < 1sg(E1,¢1) forallk = 1,. .. ,rank(Ey)—1, let (E2, ¢2) be

a Higgs line bundle and suppose that deg Ey < dffnilE_ln' Let 0 — (Ey, ¢2) — (F,¢) — (E1, ¢1) — 0 be
i

an extension of Higgs bundles with extension class [(a,¢)] € HY(E;Ey). Let 0 — (E',¢') — (E1, ¢1) —
71Cp; — 0 be a Hecke modiﬁcati0~n determined by distinct points {v1, ..., v} € Ny, 4,
Then (E', ¢') is a subsheaf of (F, ¢) if [(a, )] € span{vy,...,v,} C H (E}Ey).
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Proof. 1If [(a, ¢)] € span{vy, ..., v,} then [(a, )] € ker(H(E}Ey) — H((E')*E2)) by Corollary 4.15,
and therefore (E', ¢/) is a subsheaf of (F, ¢) by Lemma 4.18. O

The next lemma gives a condition on the extension class [(a, )] € H(EfEs) for (E',¢') to be the
subsheaf of largest degree which lifts to a subsheaf of (F, &) This is used to study unbroken flow lines in
Section 4.4.

Lemma 4.20. Let (E1, ¢1) be a stable Higgs bundle, choose n such that 2n — 1 < 1s,(E1, ¢1) for all
k =1,...,rank(E)), let (Ea, ¢2) be a Higgs line bundle and suppose that deg Eo < %. Let
0 — (B2, ¢2) — (F,¢) — (E1, ¢1) — 0 be an extension of Higgs bundles with extension class [(a, )] €
Sec™ Ny, .45) \ Sec™ 1 (Ny, 4,) C PHY(E;Es) and let 0 — (E', ¢') N (E1,01) = @]_41Cp; = 0bea
Hecke modification determined by distinct points vy, . .., vn € Ny, 4, such that i*[(a, ¢)] = 0.

Let (&",¢") KN (€,¢) be a subsheaf such that (i")*[(a, )] = 0 € H((E")*Ey) and rank B =

rank E. Then deg(E") < deg(FE").

7;//

Proof. Let {vf,...,vl,} C Ny, 4, be the set of distinct points defining the Hecke modification (€”, ¢") —
(€1,¢1). Then i*[(a, )] = 0 and (i")*[(a,¢)] = 0 together imply that [(a, )] € span{vi,...,v,} N
span{v{,..., v/ }. Either m +n > 2n — 1 (and so deg E” < deg E’) or m + n < 2n — 1 in which case

Corollary 4.15 together with the lower bound 2n — 1 < +si(E1, ¢1) implies that span{vi, ..., v,} N

span{v{,..., v/} is the linear span of {vi,...,v,} N {vf,... ;v }. Since m + n < 2n — 1 then
{vi,...,on} N {vy,... v} is a strict subset of {vy,...,v,}, which is not possible since [(a,p)] ¢
Sec™ 1Ny, 4, )- Therefore deg E” < deg E'. O

4.3. Constructing Hecke modifications of Higgs bundles via the Yang-Mills-Higgs flow. Let (E, ¢) be

a stable Higgs bundle and L, a line bundle with deg L,, < dffnf El, and let £’ be a Hecke modification of

E which is compatible with the Higgs field

0= (&,¢) S (€,6) 3T, — 0,

The goal of this section is to construct critical points 2, = (L, ¢, ) @ (E, ¢) and xy = (Lg, ¢¢) B (E', @)
together with a broken flow line connecting x,, and z,. The result of Theorem 3.19 shows that this amounts
to constructing a Higgs field ¢,, € HO(K), a Higgs pair (F,¢) in the unstable set of x,, and a complex
gauge transformation g € G€ such that (E’, ¢') is a Higgs subbundle of g - (F, ¢).

Lemmad.21. Let0 — (&',¢') — (€, ¢) = C, — 0 be a Hecke modification such that (E, ¢) and (E', ¢')
are both Higgs semistable, and let L,, be a line bundle with deg L,, < slope(E’) < slope(E). Then there
exists a Higgs field ¢, € H°(K) and a non-trivial Higgs extension (F, ¢) of (Ly, ¢u) by (E, ¢) such that
(E',#') is a Higgs subsheaf of (F, §).

Proof. By Remark 4.12, there exists ¢, € HY(K) such that v € Ny 4,. Since (E’,¢') is semistable
with slope(E’) > slope(L,) then H°((E’)*L,) = 0 and so the exact sequence (4.3) shows that the
Hecke modification v € PE* determines a one-dimensional subspace of H!(E*L,,), and that any non-
trivial extension class in this subspace is in the kernel of the map H'(E*L,) — H'((E')*L,). Let
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0 = (Lu,du) = (F,¢) — (E,¢) — 0 be such an extension. Then Lemma 4.18 shows that (E’, ¢')
is a Higgs subsheaf of (F, ). O

We can now use this result to relate Hecke modifications at a single point with YMH flow lines.

Theorem 4.22. (1) Let 0 — (E',¢') — (E,¢) = C, — 0 be a Hecke modification such that (E, ¢)
is stable and (E', ¢') is semistable, and let L, be a line bundle with deg L, + 1 < slope(E’) <
slope(E). Then there exist sections ¢, ¢y € H°(K), a line bundle Ly with deg Ly, = deg L,, + 1
and a metric on E & Ly, such that x,, = (E,¢) ® (Lu, ¢u) and x¢ = (., ¢y,) © (L, ¢¢) are
critical points connected by a YMH flow line, where (E’gr, gb;r) is isomorphic to the graded object
of the Seshadri filtration of (E', ¢').

(2) Let xyy = (E,¢) ® (Ly, ¢y) and xy = (E', ¢") & (Ly, @) be critical points connected by a YMH
flow line such that Ly, Ly are line bundles with deg L,, = deg Ly + 1, (E, ¢) is stable and (E', ¢')
is polystable with deg L, + 1 < slope(E") < slope(FE). If (E', ¢') is Higgs stable then it is a Hecke
modification of (E,¢). If (E',¢') is Higgs polystable then it is the graded object of the Seshadri
filtration of a Hecke modification of (E, ¢).

Proof of Theorem 4.22. Given a Hecke modification 0 — (&',¢) — (€,¢) — C, — 0 as in Lemma
4.21, choose ¢, € H°(K) such that v € N, ¢, and apply a gauge transformation to £/ @ L, such that
Ty = (E,¢) @ (Ly, ¢y) is a critical point of YMH. The harmonic representative of the extension class
[(a, )] € H'(E*L,) from Lemma 4.21 defines an extension 0 — (L., ¢,) — (F,¢) — (E, ¢) — 0 such
that y = (F, qg) is in the negative slice of z,,, and therefore flows down to a limit isomorphic to the graded
object of the Harder-Narasimhan-Seshadri filtration of (F, ¢).

Lemma 4.21 also shows that (E’, ¢/) is a Higgs subsheaf of (F,¢). Lemma 4.4 shows that this has a
resolution as a Higgs subbundle of (F, ¢), however since the Harder-Narasimhan type of (F, ¢) is strictly
less than that of (F, ¢) @ (Ly, ¢u), rank(E’) = rank(F) — 1 and deg ' = deg E — 1, then (E’, ¢) already
has the maximal possible slope for a semistable Higgs subbundle of (F, ¢), and therefore (E’, ¢') must be
the maximal semistable Higgs subbundle. Since rank(E’) = rank(F') — 1, then the graded object of the
Harder-Narasimhan-Seshadri filtration of (F, ) is (Egrs @) © (Le, ¢r), where (Ly, ¢y) = (F, )/ (E',¢).
Theorem 3.19 then shows that (E, ¢) © (Lu, ¢u) and (Ey,., ¢},.) © (L, ¢¢) are connected by a flow line.

Conversely, if z, = (E,$) ® (Ly, ¢y,) and xp = (E', @) @ (Ly, ¢¢) are critical points connected by a
flow line, then Theorem 3.19 shows that there exists a Higgs pair (F), qz;) in the negative slice of z,, such
that (E’, ¢') is the graded object of the Seshadri filtration of the maximal semistable Higgs subbundle of
(F,¢). If (E', ¢') is Higgs stable, then since slope(E’) > slope(L,, ) we see (E’, ¢') is a Higgs subsheaf of
(E, ¢) with rank(E) = rank(E’) and deg(E’) = deg(FE) — 1. Therefore (E’, ¢') is a Hecke modification
of (E, ). If (E', ¢') is Higgs polystable then the same argument shows that (E’, ¢) is the graded object of
the Seshadri filtration of a Hecke modification of (E, ¢). O

In general, for any flow one can define the space F, of flow lines connecting upper and lower critical
sets C', and CY, and the space P,,, C C, x C; of pairs of critical points connected by a flow line. These

spaces are equipped with projection maps to the critical sets defined by the canonical projection taking a
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flow line to its endpoints.

(4.4) ?e u

\

//\\

For the Yang-Mills-Higgs flow, given critical sets C, and Cg of respective Harder-Narasimhan types
(d deg L,,) and (d_1
moduli space C,, — MHZggS(r d) and Cy — M99 d — 1). Since the flow is G-equivariant, then there
is an induced correspondence variety M., C M99 (7 d — 1) x M99 (7 d).

(45) :PE,u

N

M
[ / ]
Mmggs(r d— nggs(r d)

Theorem 4.22 shows that ((E', ¢'), (E ,QS)) € My, if and only if (E’,¢') is a Hecke modification of
(E, ¢) and both Higgs pairs are semistable. If  and d are coprime then J\/[Hzggs(r d) consists of stable

1) as in Theorem 4.22 above, there are natural projection maps to the

Higgs pairs and so every Hecke modification of (F, ¢) is semistable. Therefore we have proved
Corollary 4.23. M, , is the Hecke correspondence.

For Hecke modifications defined at multiple points (non-miniscule Hecke modifications in the terminol-

ogy of [52]), we immediately have the following result.

Corollary 4.24. Let (E,¢) be a (0,n)-stable Higgs bundle and consider a Hecke modification 0 —
(&,¢") = (€,6) — @}_1Cp, — 0 defined by n > 1 distinct points {v1,...,v,} € PE*. If there
exists ¢, € HO(K) such that vy, ...,v, € Ngg,, then there is a broken flow line connecting x, =
(E,¢) @ (Lu, ¢u) and xq = (Ey,., ¢y,) © (Lo, ¢r), where (Ey,., éy,.) is the graded object of the Seshadri
filtration of the semistable Higgs bundle (E', ¢').

Proof. Inductively apply Theorem 4.22. 0

4.4. A geometric criterion for unbroken YMH flow lines. Corollary 4.24 gives a criterion for two YMH
critical points x,, = (E,$) & (Ly, ¢y) and 2y = (E',¢") & (Lg, ¢¢) to be connected by a broken flow
line. It is natural to ask whether they are also connected by an unbroken flow line. The goal of this section
is to answer this question by giving a geometric construction for points in the negative slice of x, which
correspond to unbroken flow lines connecting z,, and z; in terms of the secant varieties Sec™(Ny ¢, ). For
holomorphic bundles, the connection between secant varieties and Hecke modifications has been studied in
[29], [4] and [17].
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Given a YMH critical point z,, = (E, ¢) @ (L, ¢,,) with (E, ¢) stable and rank L,, = 1, consider an
extension 0 — (Ly, ¢u) — (F,$) — (E, ¢) — 0 with extension class [(a, )] € H(E*L,) = S, Let
0— (E',¢") = (E,¢) = @}_;Cp, — 0be a Hecke modification of (E, ¢) as in the previous lemma, such
that deg L,, < slope(E’).

Lemma 4.25. If (G, ¢q) is a semistable Higgs subbundle of (F, ¢) with slope(G) > deg L,, and rank(G) <
rank(E), then there is a Higgs subbundle (G', ¢) C (E, ¢) with slope(G’) > slope(G) and rank(G) =
rank(G’).

Proof. If (G, ¢¢) is a semistable Higgs subbundle of (F, ¢) with slope(G) > deg Ly, then H*(G*L,) = 0,
and so (G, ¢¢) is a Higgs subsheaf of (E, ¢).

(exe)
\
/ ‘
~ v
Lemma 4.4 shows that the subsheaf (G, ¢¢) can be resolved to form a Higgs subbundle (G', ¢;) of (E, ¢)
with slope(G’) > slope(G). O

Theorem 4.26. Let (E, ¢) be a stable Higgs bundle with Segre invariant si(E, ¢) and choose n such that
0 < 2n—1 < minj<g<,—1 (£SK(E,9)). Let 0 — (E/,¢)) = (£,¢) — ®7_1Cp; — 0 be a Hecke
modification of (E, ¢) defined by distinct points vy, . .., v, € PE*, and let (Ly, ¢,,) be a Higgs line bundle
such that vy, . .., v, € Ng 4., Choose a metric such that z,, = (E, ¢) ® (Ly, ¢u) is a YMH critical point.

Then any extension class [(a, ¢)] € span{vi, ..., v,} N (Sec”(Ng4,) \ Sec” Ny 4,)) C PHI(E*L,)
is isomorphic to an unbroken flow line connecting x, = (E, ¢) & (Ly, ¢y) and xy = (E', ') & (Ly, ¢y).

Proof. Let (F, ¢) be a Higgs bundle determined by the extension class [(a, ¢)] € PH'(E*L,). The choice
of bundle is not unique, but the isomorphism class of (F, g?)) is unique. The proof reduces to showing that
(E',¢') is the maximal semistable Higgs subbundle of (F, ).

Since [(a, )] ¢ Sec™ 1 (N4, ), then Lemma 4.20 shows that (E', ¢') is the subsheaf of (E, ¢) with
maximal degree among those that lift to a subsheaf of (F, ¢). Any semistable Higgs subbundle (E”, ¢") of
(F, ¢) with rank(E") = rank(E) either has slope(E") < deg L,, < slope(E"), or it is a subsheaf of (E, ¢)
and so must have slope(E") < slope(E").

The previous lemma shows that if (G, ¢¢) is any semistable Higgs subbundle of (F, ¢) with slope(G) >
deg L,, and rank(G) < rank(F), then there is a Higgs subbundle (G', ¢;) of (E, ¢) with slope(G’) >
slope(G). The upper bound on n = deg E — deg E’ in terms of the Segre invariant then implies that
slope(E’) > slope(G’) > slope(G) by Lemma 4.14.

Therefore the subbundle (E’, ') resolving the subsheaf (E’,¢') C (F,¢) is the maximal semistable
Higgs subbundle of (F,¢). Since (E’,¢') is semistable and slope(E’) > slope(E’) > deg L., then
HO((E')*Ly,) = 0, and so (E', ¢') is a Higgs subsheaf of (E, ¢) that lifts to a subbundle of (F, ). Since
deg F' is maximal among all such subsheaves, then we must have (E’, ¢/) = (E', ¢) and so (E’, ¢') is the
maximal semistable subbundle of (F, qg) Therefore Theorem 3.19 shows that x,, and x; are connected by

an unbroken flow line. O
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If rank(F') = 2 (so that FE is a line bundle), then the condition on the Segre invariant s (F, ¢) becomes
vacuous. Moreover, PE* = X and so Hecke modifications of E are determined by a subset {vy,...,v,} C
X. Therefore in the case rank(F') = 2, we have a complete classification of the YMH flow lines on the

space of Higgs bundles B(F).

Corollary 4.27. Let F — X be a C*° Hermitian vector bundle with rank(F') = 2. Let x,, = (LY, ¢}) &
(LY, ¢%) and xp = (LY, %) @ (LY, #%) be non-minimal critical points with YMH (z,,) > YMH(x;). Sup-
pose without loss of generality that deg L} > deg L{ > deg Lg > deg LY. Letn = deg L} — deg Lf

Then x,, and x; are connected by a broken flow line if and only if there exists {vy,...,v,} € Now gy such
that

0 — (Lf,¢1) = (L, ¢}) = ©j1Cp, = 0
0 — (L, ¢3) = (L, ¢3) = Df1Cp, — 0

are both Hecke modifications determined by {v1,...,v,}. They are connected by an unbroken flow line if

the previous condition holds and {v1, ..., vn} € Sec” (Nyu gu) \ Sec"il(Nﬁ’(ﬁg).

APPENDIX A. UNIQUENESS FOR THE REVERSE YANG-MILLS-HIGGS FLOW

The methods of Donaldson [8] and Simpson [45] show that the Yang-Mills-Higgs flow resembles a non-
linear heat equation, and therefore the backwards flow is ill-posed. In Section 3.1 we prove existence of
solutions to the backwards heat flow that converge to a critical point. To show that these solutions are well-
defined we prove in this section that if a solution to the reverse YMH flow exists then it must be unique.

Using the Hermitian metric, let d4 be the Chern connection associated to J4 and let 1) = ¢ + ¢* €
Ql(iad(E)). The holomorphicity condition d4¢ = 0 becomes the pair of equations d4?) = 0, % = 0
which also imply that [F4, ¢] = d3¢ = 0, and the Yang-Mills-Higgs functional is || F)s + 1 A ¢[|3..

Proposition A.1. Let (da,,¥1)(t), (da,,12)(t) be two solutions of the Yang-Mills-Higgs flow (A.4) on a
compact Riemann surface with respective initial conditions (da,,11)(0) and (da,,2)(0). If there exists a
finite T > 0 such that (da,,y1)(T) = (day,¥2)(T) then (da,,1)(t) = (day,2)(t) forall t € [0,T).

The result of Proposition A.1 is valid when the base manifold is a compact Riemann surface, since we
use the estimates of [51, Sec. 3.2] to prove that the constant C' in Lemma A.2 is uniform. In the case of the
Yang-Mills flow on a compact Kéhler manifold the estimates of Donaldson in [8] show that we can make
this constant uniform on a finite time interval [0, 7'] and so the result also applies in this setting. The setup
described in the previous paragraph consisting of Higgs pairs (d 4, 1) satisfying d4¢ = 0, d% ) = 0is valid
on any Riemannian manifold, and so the result of Proposition A.1 will also apply to any class of solutions for
which one can prove that the connection, Higgs field, the curvature and all of their derivatives are uniformly
bounded on the given finite time interval [0, 7.

Let V 4 denote the covariant derivative associated to the connection d 4. The complex connection asso-
ciated to the pair (da,v) is D(4,4yn = dan + [¢,n] and the Laplacian is A4 )0 = D?A,w)D(A,w)n +
D A,w)Df AT for any form n € QP(End(F)). The equation d41 = 0 implies that the curvature of the
complex connection is D4 ) Da.4)n = [Fa + ¥ A, 7).
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We have the following identities which will be useful in what follows. The notation a X b is used to

denote various bilinear expressions with constant coefficients.

(A.D) 0=da(Fa+v¥AY), 0=[¢,Fa+p A
(A2) Aagpyn =VaVan+ (Fa+yY A) X+ Ry Xn+¢ X xn+Vap xp xn
(A3) 0= D}y Dby (Fa+ 0 At

The first identity follows from the Bianchi identity and the equation d4vy = 0. Equation (A.2) is the
Weitzenbock identity for a Higgs pair which follows from the usual identity for V 4 (see for example [3])
together with the fact that (¢ A 1) x 7 and the remaining terms in the Laplacian are of the form ) x 1 X
N+ Va1 x 1 x n. To see the identity (A.3), take the inner product of the right hand side with an arbitrary
n € Q°(End(E)). We have (cf. [41, (2.2)] for the case ¢ = 0)

<D2<A,¢)DEKA,¢) (Fa+v¥AY), 77> (Fa+¢ A, DiayDiawyn)
= (Fa+ v A, [FA+¢A¢,77]> =0
Consider the Yang-Mills-Higgs flow equations

A
%t:—d*A(FAer/\w), @ #[th, x(Fa + 9 A)]

After using the metric to decompose Q! (End(FE)) = Ql(ad(E)) @ Q!(iad(E)), the flow equation can be

written more compactly as

(A4)

d
8t(dA +¢) = =Dy py(Fat+ i Ae)
We then have
0 o) b
at(FAJrz/zAw) —dA(at) + o  NYHYA S

—Aag)(Fa+ ¥ Ap) —da* [, %(Fa+ 1 A+ [, diy(Fa+ 9 A)]
where in the last step we use the Bianchi identity (A.1). We also have

A
S @t wnv) ==« | SstEarvnn)| + &y (S E+vA0)

=x[dy(Fa+ Y ANY),Fa+ ¢ ANY] = dadady(Fa+ 1 A1)
+ dA [, *[, #(Fa + ¢ Aip)]]

and

o o Ea v n i) = =« | St waw)] = [0 s (Fa kv n)

ot
=x[— [, *(Fa + ¥ AY),x(Fa+ Y A)] + % [¢, xdady (Fa + ¢ A1))]
- % [% *[¢’ *W}a *(FA + ¢ A ¢)H]
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Adding these two results gives us
8 % * * *
(Dt (Fa+wA0)) =5 [Dia g (Fa+w AG), Fa+ ¥ Aw] = Dty DiaiyDiagy(Fa+ v A1)

ot
=* [DEkA,@(FA + Y AY), Fa+ A 14 — Aa)Diagy (Fa+ 0 Ag)

where the last step uses (A.3). Let pq.4) = Fa + ¢ A and vy ) = D’(*A ) (Fa + v A1). The above

equations become

0

(A.5) (at T A(A,w) Ay = —dax [, *(Fa+ Y AD)] 4 [0, A4 (Fa 4+ A )]
0

(A.6) <at + A(A,w) Viaw) = *[Maw) #iaw)]

Now consider two solutions (A1, 1)(¢) and (Aa,¥2)(t) to the Yang-Mills-Higgs flow equations (A.4)
on the time interval [0, 7] such that (A1, ¢1)(T) = (A2,v2)(T). We will show below that this implies
(A1, 91)(0) = (A2, ¢2)(0).

Define (ata SOt) = (AQa 77/)2)(75) - (Ahwl)(t)’ Mt = H(Az b)) — H(A1,91) and 1y = V(Aapa) =~ V(Argn)- In
terms of (a¢, ;) we can write

Mt = [ Ay ap) = P(Ar ) = DA ae + ap A ar + [, 01] + 01 A pr
and for any n € QP(End(F)) the difference of the associated Laplacians has the form
(A7) (A(ag ) = Daypn)) N=Vaaxn+ax Van+aXxaxn+ip XoXn+eXexn

where again w; X ws is used to denote a bilinear expression in w; and wo with constant coefficients. By
definition of v/ 4 y as the gradient of the Yang-Mills-Higgs functional at (d 4, ) we immediately have

0A

0 0 0A
a(at + 1) =ng, and &(VA% +Vapy) = <(‘9t X g, o X <Pt) + Vang

Equation (A.5) then becomes

0
<8t + A(Alvwl)) me = — (A(Az,iﬁz) - A(Amm)) H( Az p2)
+ar X 1 X (Fa, + 1 A1) + Va0 X (Fa, + 91 Ar)
+ Vb X my + 1 X ny

and equation (A.6) becomes

)
<8t + A<A17w1)> ne = * (V3 2 ¥ A0 )] = * V(A0 #HL00] = (D) = Bavun) Vidsge)

= K10ty #1(Ag )] K[V 200) 5 ¥1108] = (D (Agi0) = Dy ) YAzi)

Using (A.7) and the Weitzenbock formula (A.2), we then have the following inequalities. In the case where
X is a compact Riemann surface then the estimates of [51, Sec. 2.2] show that all of the derivatives of the
connection, the Higgs field and the curvature F'4 are uniformly bounded along the flow and so the constant

can be chosen uniformly on the interval [0, 7).



48 GRAEME WILKIN

Lemma A.2. For any pair of solutions (da,,vyn)(t) and (da,,2)(t) to the Yang-Mills-Higgs flow (A.4)
there exists a positive constant C (possibly depending on t) such that the following inequalities hold

0

a8 (54 TaTa ) | < Clail+ ol + 1Varand + Tl + o + o)
0

w9 (5 VAT ) | < C el il 4 Vel Tl + o+ o)

(A.10) Q( +¢1)| = [nel

. a1 ag + $t)| = |1

0

(A.11) a(vAat + Vapr)| < C(Ja] + [oe] + [V am)

Moreover, if X is a compact Riemann surface then the constant C can be chosen uniformly on any finite

time interval [0, T).

For simplicity of notation, in the following we use V := V4, and 0 := V7 Vy,. Let X := (my, ny)
and Y := (aq, 1, Vay, V). The previous lemma implies that there exists a positive constant C' such that
the following inequalities hold

0xX
‘(% +DX‘ <CO(X|+ VX + Y]
(A.12)

oY
| < cuxiewx+w)

A general result of Kotschwar in [28, Thm 3] shows that any system satisfying (A.12) on the time interval

[0, 7] for which X(T') = 0, Y/(7T') = 0, must also satisfy X(¢) = 0, Y(¢t) = 0 forall t € [0,7]. In the
context of the Yang-Mills-Higgs flow (A.4), this gives us the proof of Proposition A.1.
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