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Abstract. This paper studies the gradient flow lines for the L2 norm square of the Higgs field
defined on the moduli space of semistable rank 2 Higgs bundles twisted by a line bundle of positive
degree over a compact Riemann surface X. The main result is that these spaces of flow lines have
an algebro-geometric classification in terms of secant varieties for different embeddings of X into the
projectivisation of the negative eigenspace of the Hessian at a critical point. The compactification
of spaces of flow lines given by adding broken flow lines then has a natural interpretation via a
projection to Bertram’s resolution of secant varieties.

1. Introduction

The moduli space of Higgs bundles over a compact Riemann surface admits a natural Morse-

Bott function, given by the square of the L2 norm of the Higgs field. This has been instrumental in

efforts to understand more about the topology of this space, with an enormous amount of activity

beginning with the original work of Hitchin [16]. There has been much recent interest in gradient

flow lines of this function and their connection with Geometric Langlands, which has focused on

understanding the very stable and wobbly bundles (see [5], [9], [10], [15], [20], [22]).

Motivated by the geometric description of Yang-Mills-Higgs flow lines in [26], the goal of this

paper is to give a concrete description of the space of flow lines connecting two critical sets for the

function ∥ϕ∥2L2 . In general, for any Morse-Bott function, the unstable set of a critical set is stratified

by the types of the critical sets that can appear as downwards limits of the flow. The main result

of this paper is that, for rank 2 Higgs bundles, this stratification has a geometric interpretation

in terms of secant varieties for different embeddings of the underlying Riemann surface into the

projectivisation of the negative eigenbundle of the Hessian at each critical point. Moreover, this

geometric description of the flow lines also leads to a simple proof that the function ∥ϕ∥2L2 is in fact

Morse-Bott-Smale, and therefore one can use the methods of [1] to construct a Morse complex in

which the cup product is determined by the topology of the spaces of flow lines.

For rank 2 Higgs bundles twisted by a line bundleM , the nonminimal critical points of ∥ϕ∥2L2 have

the form [L1 ⊕L2, ϕ], where L1, L2 are line bundles with degL1 > degL2 and ϕ ∈ H0(L∗
1L2 ⊗M).

The unstable manifold of such a critical point is homeomorphic to H1(L∗
1L2), which parametrises

extensions 0 → L2 → E → L1 → 0. Since degL1 > degL2, then there is a canonical embedding

X ↪→ PH1(L∗
1L2), and the first main result is that the limit of the downwards flow with initial
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condition in the unstable manifold of [L1 ⊕ L2, ϕ] is determined by the secant varieties of X ↪→
PH1(L∗

1L2).

Theorem 1.1 (Theorem 4.2). Fix rank(E) = 2 and let Cℓ, Cu be two critical sets indexed by

0 ≤ ℓ < u ≤ 1
2 degE + g − 1. Then the space Lu

ℓ of flow lines between Cℓ and Cu is a circle bundle

over the (u− ℓ)th global secant variety Pu
ℓ from Definition 3.6, where the fibres are the orbits of the

S1 action eiθ · [E, ϕ] = [E, eiθϕ] on Mss
Higgs(E).

Remark 1.2. The notation Lu
ℓ is used for the space of flow lines and Fu

ℓ is used for the space of

points that flow up to Cu and down to Cℓ (cf. (2.4) and (2.5)). The two spaces are related by

Lu
ℓ := Fu

ℓ /R, where R acts by time translation along a flow line.

Therefore we have a parametrisation of the unbroken flow lines connecting two critical sets,

however to construct a Morse-Bott complex on the moduli space one needs to prove that the

function satisfies the stronger Morse-Bott-Smale condition. Theorem 1.1 leads to a simple proof of

the Morse-Bott-Smale property (see Proposition 5.2), which has the following consequences for the

cup product on the Morse complex.

There are canonical maps πℓ : F
u
ℓ → Cℓ and πu : Fu

ℓ → Cu given by taking the limit of the flow

as t → ±∞. Similarly, there is canonical projection pu : Pu
ℓ → Cu (from Definition 3.6) as well as

a projection pℓ : P
u
ℓ → Cℓ taking a point in a secant plane to the limiting Higgs pair from Section

4.2.

Let η ∈ H∗(Cℓ) and ω ∈ H∗(Mss
Higgs(E)). The class ω restricts to a cohomology class on

Fu
ℓ ⊂ Mss

Higgs(E)), which we also denote by ω. The cup product in the Morse-Bott complex (see

[1, Sec. 3.5]) for Mss
Higgs(E) is given by

cη(ω) = (πu)∗ (π
∗
ℓ (η) ⌣ ω) .

The previous theorem shows that this factors through the global secant variety via the following

diagram.

(1.1)

Fu
ℓ

Pu
ℓ

Cℓ Cu

πℓ

g

πu

pℓ pu

Therefore the cup product can be expressed entirely in terms of the homomorphisms p∗ℓ and (pu)∗

cη(ω) = (pu)∗g∗ (g
∗p∗ℓ (η) ⌣ ω) = (pu)∗ (p

∗
ℓ (η) ⌣ g∗(ω)) .

Finally, it is natural to construct the Morse-Bott-Smale compactification of the space of flow

lines given by attaching spaces of broken flow lines (this is explained in detail by Austin and Braam

[1]). The next theorem shows that this compactification of the space of flow lines has an algebro-

geometric interpretation in terms of the resolution of secant varieties constructed by Bertram [2].
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Theorem 1.3 (Theorem 6.1). Let PMorse : L̃u
ℓ → Lu

ℓ be the Morse resolution associated to the

compactification of broken flow lines from (6.1) and let PSec : P̃u
ℓ → Pu

ℓ be the resolution of secant

varieties defined by Bertram [2]. Then the map that takes a broken flow line to the corresponding

chain of points in secant planes (Definition 6.5) makes the following diagram commute.

(1.2)

L̃u
ℓ P̃u

ℓ

Lu
ℓ Pu

ℓ

Def. 6.5

PMorse PSec

Prop. 4.3

Organisation of the paper. Section 2 contains the background material and notational con-

ventions used throughout the paper. The secant varieties of the Riemann surface in the unstable

manifold of a critical point are constructed in Section 3, which leads to the classification of the

unbroken flow lines (Theorem 4.2) in Section 4, and in turn a proof that ∥ϕ∥2L2 is Morse-Bott-Smale

in Section 5. Finally, Section 6 contains the details of the compactification of the space of flow lines

and its relation with the resolution of secant varieties (Theorem 6.1).

Acknowledgements. The author gratefully acknowledges support from the Simons Center for

Geometry and Physics, Stony Brook University and the organisers of the summer workshop on

Moduli which provided the motivation for this paper, as well as Tamas Hausel, Ana Peon Nieto

and Paul Feehan for useful discussions.

2. Background and notational conventions

In this section we recall the relevant results and set the notation for the remainder of the paper.

Unless otherwise noted, the material is well understood and can be found in [16] or [25].

Let X be a compact Riemann surface of genus g ≥ 2 and let E → X be a rank 2 complex vector

bundle of degree d = 0or 1. Fix a smooth Riemannian metric on X and a smooth Hermitian metric

on E, and let A0,1 denote the space of holomorphic structures on E. The complex gauge group is

denoted GC and the unitary gauge group associated to the Hermitian metric is denoted G.

One can also consider the determinant map det : A0,1 → Jacd(X) and for a fixed ξ ∈ Jacd(X) the

subsets A
0,1
ξ := det−1(ξ) and End0(E) := {u ∈ End(E) | tr(u) = 0}. Many of the constructions

in this fixed determinant setting are the same as the non-fixed determinant case, and we will only

distinguish between the two cases when necessary; namely when specifying the fixed point sets of

the C∗ action.

Let M → X be a line bundle. The space of Higgs pairs twisted by M is denoted

B = {(∂̄A, ϕ) ∈ A0,1 × Ω0(End(E)⊗M) | ∂̄Aϕ = 0}.

The open subset of stable (resp. semistable) Higgs pairs is denoted Bst (resp. Bss) and the moduli

space of stable (resp. semistable) Higgs bundles on E is denoted

Mst
Higgs(E) := Bst/GC (resp. Mss

Higgs(E) := Bss//GC).
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If degE and rank(E) are coprime then Bst = Bss and the moduli space is a smooth manifold.

For each (∂̄A, ϕ) ∈ Bss, the associated equivalence class in Mss
Higgs(E) is denoted by [∂̄A, ϕ].

When the holomorphic bundle is a direct sum L1 ⊕ L2 or an extension 0 → L2 → E → L1 → 0 of

line bundles, then it is more convenient to use the notation [L1 ⊕ L2, ϕ] or [E, ϕ].

With respect to the fixed Hermitian metric, each holomorphic structure ∂̄A has an associated

Chern connection denoted dA with curvature FA. Hitchin’s equations are

(2.1) ∗(FA + [ϕ, ϕ∗]) = λ · id, where λ = − 2πideg(E)

vol(X) rank(E)
.

The Hitchin-Kobayashi correspondence of Hitchin [16] and Simpson [24] shows that

(2.2) Mss
Higgs(E) ∼= {(∂̄A, ϕ) ∈ B | (∂̄A, ϕ) satisfy (2.1)}/G.

2.1. Properties of the energy function. The function ∥ϕ∥2L2 : B → R is G-invariant, and so

(2.2) shows that the restriction to the solutions of (2.1) descends to a well-defined function

f := ∥ϕ∥2L2 : Mss
Higgs(E) → R,

where it is the moment map associated to the circle action eiθ · [∂̄A, ϕ] = [∂̄A, e
iθϕ] (cf. [16]).

The general result of Frankel [11] shows that (when the moduli space is smooth) f is a perfect

Morse-Bott function.

This action extends to a C∗ action eu · [∂̄A, ϕ] = [∂̄A, e
uϕ] for u ∈ C. The gradient flow lines of f

on Mss
Higgs(E) are generated by the subgroup R>0 ⊂ C∗, for which the action is

(2.3) et · [∂̄A, ϕ] = [∂̄A, e
tϕ], t ∈ R.

The minimum f−1(0) corresponds to the subset of semistable Higgs pairs with zero Higgs field,

which is the moduli space of semistable holomorphic bundles Mss(E) ↪→ Mss
Higgs(E). The nonmin-

imal critical points of f correspond to fixed points of the C∗ action, which have a well-understood

classification in terms of variations of Hodge structure (cf. [25]). In general, a Higgs pair [(E, ϕ)]

is a fixed point of the C∗ action if and only if

(i) the bundle decomposes as a direct sum E ∼= E1 ⊕ · · · ⊕ En,

(ii) for each j = 1, . . . , n− 1 the Higgs field is ϕ(Ej) ⊂ Ej+1 ⊗M , and

(iii) the resulting Higgs pair is semistable.

The equation (2.1) then determines the value of f = ∥ϕ∥2L2 at each critical set.

In the rank 2 case, the minimum of f occurs when the holomorphic bundle is semistable and

the Higgs field is zero. At a nonminimal critical point, the holomorphic bundle is a direct sum

of line bundles E ∼= L1 ⊕ L2 with degL2 < degL1 ≤ degL2 + degM and ϕ ∈ H0(L∗
1L2 ⊗ K).

Let d1 = degL1, d2 = degL2 and m = degM . The critical values are ordered by the value of

d1 − d2, and each critical set is homeomorphic to Sd2−d1+mX × J(X) (non fixed determinant) and

S̃d2−d1+mX (fixed determinant), where S̃dX denotes the 22g fold cover of SdX studied by Hitchin

[16, Prop. 7.1].
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In the sequel, the nonminimal critical set corresponding to degL1 = d will be denoted Cd for each

integer value of d in the range 1
2 degE < d ≤ 1

2 (degE + degM). The minimum (corresponding

to ϕ = 0) will be denoted C0. Using the fact that the gradient flow of f is defined using the R>0

action (2.3), the stable and unstable sets of Cd are defined by

W+
d = {[∂̄A, ϕ] ∈ Mss

Higgs(E) | lim
λ→0

[∂̄A, λϕ] ∈ Cd}

W−
d = {[∂̄A, ϕ] ∈ Mss

Higgs(E) | lim
λ→∞

[∂̄A, λϕ] ∈ Cd}.

The corresponding spaces with the critical sets removed are

W+
d,0 := W+

d \ Cd, W−
d,0 := W−

d \ Cd.

If the degree and rank of E are coprime then these are manifolds, however the C∗ action is defined

for general bundles E and therefore the above definitions do not require this assumption.

For any ℓ < u, the space of Higgs pairs that flow down to Cℓ and up to Cu is denoted

(2.4) Fu
ℓ := W+

ℓ ∩W−
u .

The space of unbroken flow lines between two critical sets is then given by dividing by the R>0

action generating the flow

(2.5) Lu
ℓ := Fu

ℓ /R>0.

2.2. Morse strata for the gradient flow. Recent work of Hausel and Hitchin [15, Prop. 3.4 &

3.11] gives a complete classification of the Morse strata for the upwards and downwards flow of f

in terms of the existence of filtrations of the underlying holomorphic bundle for which the Higgs

field is nilpotent. Their results are summarised in the following

Proposition 2.1 ([15]). Let [(E, ϕ)], [(E′, ϕ′)] ∈ Mss
Higgs. Then

(i) limλ→0[(E, ϕ)] = [(E′, ϕ′)] if and only if there exists a filtration by subbundles

0 = E0 ⊂ E1 ⊂ · · · ⊂ En = E

such that ϕ(Ek) ⊂ Ek+1 ⊗K for each k = 1, . . . , n− 1, and the induced maps

gr0(ϕ) : Ek/Ek−1 → Ek+1/Ek

satisfy (E′, ϕ′) ∼= (E1/E0 ⊕ · · · ⊕ En/En−1, gr0(ϕ)).

(ii) limλ→∞[(E, ϕ)] = [(E′, ϕ′)] if and only if there exists a filtration by subbundles

0 = E0 ⊂ E1 ⊂ · · · ⊂ En = E

such that ϕ(Ek+1) ⊂ Ek ⊗K for each k = 0, . . . , n− 1, and the induced maps

gr∞(ϕ) : Ek+1/Ek → Ek/Ek−1

satisfy (E′, ϕ′) ∼= (E1/E0 ⊕ · · · ⊕ En/En−1, gr∞(ϕ)).

Moreover, the filtrations with the properties in (i) and (ii) are unique.
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In the case of rank 2, part (i) of the above result reduces to an earlier observation of Hitchin [16]

that the Morse strata for the downwards flow correspond to the Harder-Narasimhan strata for the

underlying subbundle (see also [14]). The same is true for U(2, 1) and SU(2, 1) Higgs bundles [12].

For rank 3 and higher this is no longer true and the stratification (studied in detail by Gothen and

Zuniga-Rojas [13] for the rank 3 case) is much more intricate.

In order to apply [15, Prop. 3.4 & 3.11] to a specific Higgs pair [(∂̄A, ϕ)] ∈ Mss
Higgs(E), one needs

to first find a filtration of the appropriate type. The results of Section 4 give a criterion for such

filtrations to exist in the unstable set of each critical set. This criterion is geometric in nature and

emphasises the role of the complex structure on the underlying Riemann surface X.

2.3. The polystable locus in the rank 2 case. In general, the singularities of Mss
Higgs(E) are

contained in the locus where [E, ϕ] is strictly polystable, so that there is a direct sum

(E, ϕ) ∼= (E1, ϕ1)⊕ · · · ⊕ (En, ϕn)

of n > 1 stable Higgs pairs of the same slope. When rank(E) = 2 and deg(E) = 0, then this can

only occur if (E, ϕ) is a direct sum of two Higgs line bundles. In this case it was observed in [4]

that the locus of strictly polystable bundles does not intersect any of the nonminimal critical sets.

In particular, the unstable sets W−
d are all manifolds and all of the stable sets W+

d are manifolds

when d > 0. Therefore, even though Mss
Higgs(E) is singular, when rank(E) = 2 it still makes sense

to refer to ∥ϕ∥2L2 as a perfect Morse-Bott function, or (after proving Proposition 5.2) a perfect

Morse-Bott-Smale function, since it has a well-defined flow and the spaces of flow lines and the

local structure around the nonminimal critical sets satisfy these conditions.

2.4. The unstable manifold in a neighbourhood of a critical set. In the rank 2 case studied

in [16], the critical sets consist of Higgs bundles for which the holomorphic bundle is a direct sum

of line bundles E ∼= L1 ⊕L2 (in the sequel we will always use the convention that degL1 > degL2)

and the Higgs field is ϕ ∈ H0(L∗
1L2 ⊗M) \ {0}. The next result is contained in [16], and we state

it here in order to use it in the sequel.

Lemma 2.2. In a neighbourhood of a critical point y := [L1⊕L2, ϕ], the unstable manifold W−
y of

points that flow up to the critical point [L1 ⊕ L2, ϕ] is given by equivalence classes of Higgs pairs

for which the bundle is an extension

0 → L2 → E → L1 → 0

and the Higgs field is ϕ ∈ H0(L∗
1L2 ⊗M) ⊂ H0(End(E)⊗M .

In particular, the unstable manifold is parametrised by the space of extensions W−
y

∼= H1(L∗
1L2)

and the Morse index at a critical point is then given by

(2.6) λy := dimRW−
y = 2h1(L∗

1L2) = 2g − 2− 2 deg(L∗
1L2) = 2g − 2 + 2(degL1 − degL2).

For a given critical set Cd, the unstable manifold, denoted W−
d , is a vector bundle over Cd with

fibre over the critical point y := [L1 ⊕ L2, ϕ] given by W−
y

∼= H1(L∗
1L2).
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Since the critical values are isolated, for each critical set Cd there exists ε > 0 such that there

are no critical values in the interval [f(Cd)− ε, f(Cd)). Define

S−
d := {z ∈ W−

d | f(z) = f(Cd)− ε},

which is homeomorphic to a sphere bundle S−
d → Cd, for which the fibre over x ∈ Cd is a sphere of

dimension λy − 1.

3. Secant varieties in the unstable manifold

Each unstable manifold W−
d is stratified by

(3.1) W−
d =

⋃
0≤ℓ<d

Fd
ℓ .

In a neighbourhood of the critical set Cd, the unstable set W−
d is diffeomorphic to a vector bundle

V −
d → Cd with fibres H1(L∗

1L2). Since the C∗ action acts by scaling the extension classes in

these fibres, and the gradient flow is C∗ equivariant, then the stratification (3.1) descends to the

projectivisation PV −
d . In the next section (Lemma 4.1) we will show that the strata have a geometric

description in terms of certain secant varieties for the embedding X ↪→ PH1(L∗
1L2), and so in this

section we recall some facts about secant varieties and set the notation for the next section. Useful

references for the following are [2], [18], [19], [23].

Consider a critical point [L1 ⊕ L2, ϕ] ∈ Cd. Then L∗
2L1 ⊗ K is very ample, and so there is an

embedding

F : X ↪→ PH1(L∗
1L2) ∼= PH0(L∗

2L1 ⊗K)∗.

Any effective divisor D =
∑k

j=1mjpj of degree N defines a Hecke modification

L′
1 := L1 [−D] ,

together with an induced homomorphism

i∗ : H1(L∗
1L2) → H1((L′

1)
∗L2).

Definition 3.1 (Secant plane of total multiplicity N). Given any integer N < degL1−degL2 and

an effective divisor D =
∑k

j=1mjpj of degree N , the secant plane of D in PH1(L∗
1L2) is the plane

determined by the projectivisation of

ker
(
H1(L∗

1L2)
i∗−→ H1((L1[−D])∗L2)

)
.

The total multiplicity is N .

If N > 2 then it is a priori possible that the dimension of the secant plane will be lower than

expected; for example, if three points in X lie on a projective line in PH1(L∗
1L2). The next lemma

gives a bound on N for which the secant plane is guaranteed to have the expected dimension. In

particular, this result applies to all flow lines between nonminimal critical sets (see Lemma 4.1).



8 GRAEME WILKIN

Lemma 3.2. If N < d1 − d2, then every secant plane in PH1(L∗
1L2) of total multiplicity N is

isomorphic to PN−1, and corresponds to the unique linear PN−1 ⊂ PH1(L∗
1L2) that osculates to

order mj − 1 at each pj ∈ X ⊂ PH1(L∗
1L2).

Proof. The bound on N shows that deg(L′
1)

∗L2 = degL∗
1L2 +N < 0, and so h0((L′

1)
∗L2) = 0, in

which case the long exact sequence reduces to

0 −→ CN −→ H1(L∗
1L2)

i∗−→ H1((L′
1)

∗L2) −→ 0.

Therefore dimC ker i∗ = N , as required.

The statement that the plane osculates to the correct order at each point pj ∈ X follows from

[17, Prop. 2.4]. □

The notation for the above construction is written in terms of the notation for critical points of

f : Mss
Higgs(E) → R in order to be compatible with the results of the next section. To simplify the

following, from now on let L := L∗
1L2.

If N satisfies the bound of the previous lemma, then the above construction defines an injective

map

(3.2) secLN : SNX → Gr(N,H1(L))

that takes an effective divisor of degree N to ker i∗ ⊂ H1(L) (or equivalently, the secant plane in

PH1(L)).

Consider the tautological bundle T → Gr(N,H1(L)), and let T0 denote the complement of the

zero section in T . There is a projection π : T0 → PH1(L) which takes each point in a plane to its

image in PH1(L), and therefore there is a projection map (3.2)

(secLN )∗T0 → PH1(L).

Definition 3.3 (N th secant variety). Let N satisfy the bound of Lemma 3.2. The N th secant

variety of X in PH1(L), denoted SecLN (X), is the image of the projection (secLN )∗T0 → PH1(L).

For each effective divisor D =
∑k

j=1mjpj of degree N , the secant plane of D in PH1(L) is

denoted ΠL
D ⊂ SecLN (X) ⊂ PH1(L).

Remark 3.4. The relationship between this construction and Schwarzenberger’s secant bundle

construction [23] is explained in [3].

The construction above shows that SecLN (X) ⊂ PH1(L) is the subvariety containing all of the

points that lie in secant planes of total multiplicity N .

If N satisfies the bound of Lemma 3.2, then two secant planes defined by effective divisors D1

and D2 will intersect in PH1(L∗
1L2) if and only if there exists an effective divisor E such that

D1−E ≥ 0, D2−E ≥ 0. The intersection Π
L∗
1L2

D1
∩Π

L∗
1L2

D2
is the secant plane Π

L∗
1L2

E for the maximal

such choice of E.
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The results of the next section show that spaces of flow lines can be parametrised by secant

varieties in PH1(L∗
1L2) (cf. Lemma 4.1). The following open subset of points that do not lie on

any secant planes of smaller dimension will parametrise unbroken flow lines

(3.3) SecLN,0(X) := SecLN (X) \ SecLN−1(X).

Numerous authors have studied the singularities in SecLN (X); see for example [2], [19], [23]. The

precise statement we need in the sequel is the main theorem of [3].

Lemma 3.5 ([3]). If N satisfies the bound of Lemma 3.2, then Sing
(
SecLN (X)

)
= SecLN−1(X). In

particular, SecLN,0(X) is a smooth manifold of complex dimension dimC SecLN,0(X) = 2N − 1.

The above construction will be used to parametrise spaces of flow lines that appear within the

unstable manifold of a single critical point. This determines a fibre bundle over each critical set,

with each fibre given by a secant variety as above for a different choice of bundle. This is made

precise in the following definition.

Definition 3.6 (Global secant variety). Let Cu be a nonminimal critical set and let PW−
u be the

projectivisation of the unstable manifold from Lemma 2.2. The N th global secant variety over Cu

is the smooth fibre bundle Pu
u−N ↪→ PWu → Cu for which the fibre over [L1 ⊕ L2, ϕ] ∈ Cu is

Sec
L∗
1L2

N (X) ⊂ PH1(L∗
1L2).

The open subset for which the fibres are Sec
L∗
1L2

N,0 (X) is denoted Pu
u−N,0 ⊂ Pu

u−N .

Remark 3.7. The difference Pu
u−N \ Pu

u−N,0 is a fibre bundle over Cu with fibre Sec
L∗
1L2

N−1 (X).

The points in Pu
N parametrise a subset of the C∗ equivalence classes in W−

u,0. In order to

parametrise a subset of the associated sphere bundle S−
u ⊂ Mss

Higgs(E), define the fibre bundles

Suu−N → Cu and Suu−N,0 → Cu by pullback

Suu−N,0 Suu−N S−
u

Pu
u−N,0 Pu

u−N PWu,0.

/S1

The bundles Pu
u−N and Suu−N each contain subbundles corresponding to the secant planes asso-

ciated to a given effective divisor D of degree N . In the sequel these will be denoted Pu
D and SuD

respectively.

Remark 3.8. Let ℓ = u−N . The results of the next section will show that Suℓ,0 consists of Higgs

pairs that flow down to the critical set Cℓ and Suℓ \ Suℓ,0 consists of Higgs pairs that flow down to

an intermediate critical set Cm for ℓ < m < u.

4. Classification of flow lines

The goal of this section is to prove Lemma 4.1, which gives a new criterion to predict the

downwards limit of the flow with initial condition in the unstable set of a critical point [L1⊕L2, ϕ].
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The criterion is geometric in nature, in that it is given by the secant varieties of the embedding

X ↪→ PH1(L∗
1L2). This method has previously been used to classify Yang-Mills flow lines [26], and

here we show that a similar idea can be used to classify all of the flow lines in the rank two moduli

space Mss
Higgs(E).

4.1. Harder-Narasimhan types in the unstable manifold. Let L1, L2 be line bundles with

degL1 > degL2 and h0(L∗
1L2 ⊗ M) ̸= 0, so that there exists a variation of Hodge structure

[L1 ⊕ L2, ϕ ∈ H0(L∗
1L2 ⊗M)] corresponding to a fixed point of the C∗ action. Lemma 2.2 shows

that points in the unstable manifold for the flow are determined by extensions

(4.1) 0 → L2 → E → L1 → 0.

The results of [16] show that the limit of the downwards flow is determined by the Harder-

Narasimhan type of E, and this is made more precise by Hausel and Hitchin in [15, Sec. 4.2.3].

The goal of this section is to explain how the limit is determined by the geometry of the extension

class [e] ∈ PH1(L∗
1L2) for (4.1), which leads to a description of the space of unbroken flow lines

connecting two critical points in terms of secant varieties (cf. Lemma 4.1).

First note that since dimCX = 1, then with respect to the extension (4.1), if L′
1 ↪→ E is a

subbundle with degL′
1 > degL2, the composition L′

1 ↪→ E → L1 makes L′
1 a locally free subsheaf

of L1. Since both are locally free of rank one, then there is an exact sequence of sheaves

0 → L′
1

i
↪→ L1 →

ℓ⊕
k=1

Cmk
pk

→ 0.

Conversely, a subsheaf L′
1

i
↪→ L1 lifts to a subsheaf of E if e ∈ H1(L∗

1L2) is in the kernel of the

pullback homomorphism

H1(L∗
1L2)

i−→ H1((L′
1)

∗L2)

(see [21]). Note that since e ̸= 0, then this descends to a condition on the equivalence class

[e] ∈ PH1(L∗
1L2).

The resulting subsheaf L′
1 ↪→ E will be a subbundle if and only if there is no intermediate sheaf

L′
1 ↪→ L′′

1 ↪→ L1 for which the extension class pulls back to zero in H1((L′′
1)

∗L2). A detailed account

of this result for Higgs bundles is given in [26].

Since degL1 > degL2, then L∗
2L1 ⊗ K is very ample and so there is an embedding of the

underlying Riemann surface F : X ↪→ PH0(L∗
2L1⊗K)∗ ∼= PH1(L∗

1L2). Any point p ∈ X determines

a Hecke modification L1[−p] ↪→ L1 and the image F (p) ∈ PH1(L∗
1L2) determines a line through the

origin inH1(L∗
1L2) which is the kernel of the pullback homomorphismH1(L∗

1L2) → H1(L1[−p]∗L2).

More generally, an effective divisor D =
∑n

k=1mkpk with degree m1 + · · · + mn ≤ 1
2(degL1 −

degL2) determines a Hecke modification L′
1 = L1[−D] and a plane in PH1(L∗

1L2) via Lemma 3.2.

Any point [e] in this plane determines a line in H1(L∗
1L2) that pulls back to zero in H1((L′

1)
∗L2).

Equivalently, by viewing [e] ∈ PH1(L∗
1L2) as an extension class, then [e] determines a bundle E

with a subsheaf L′
1.
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This process is summarised in the diagram below.

(4.2)

0 0

0 L′
1

0 L2 E L1 0

L′
2

⊕n
k=1Cmk

pk

0
⊕n

k=1Cmk
pk

0

0

This subsheaf L′
1 ↪→ E is a subbundle of E if and only if [e] does not lie on a plane through a

proper subset of the points F (p1), . . . , F (pℓ), or a plane through F (p1), . . . , F (pℓ) that osculates to

order strictly less than mj − 1 at F (pj) for at least one j. In particular, if degL′
1 ≥ 1

2 degE, then

the uniqueness of the Harder-Narasimhan filtration shows that there is a unique such subbundle of

maximal degree.

Since the flow is C∗ equivariant, then the space of all Higgs pairs that flow up to [L1 ⊕ L2, ϕ] ∈
Cu and down to [L1[−D] ⊕ L2[D], ϕ′] ∈ Cd for some Higgs pair ϕ′ ∈ H0(L∗

2L1[2D] ⊗ K) is the

C∗ bundle WD
[L1⊕L2,ϕ]

→ Π
L∗
1L2

D ∩ Sec
L∗
1L2

degD,0(X) defined as the pullback via the inclusion map

Π
L∗
1L2

D ∩ Sec
L∗
1L2

degD,0(X) → PH1(L∗
1L2).

WD
[L1⊕L2,ϕ]

H1(L∗
1L2) \ {0}

Π
L∗
1L2

D ∩ Sec
L∗
1L2

degD,0(X) PH1(L∗
1L2)

This result is summarised in the following lemma.

Lemma 4.1. Let E → X be a rank 2 complex vector bundle, let u be an integer in the range
1
2 degE < u ≤ 1

2 (degE + degM) and let [L1⊕L2, ϕ] ∈ Cu. Then the subset of W−
[L1⊕L2,ϕ]

consisting

of pairs [E, ϕ′] where E is isomorphic to an extension of line bundles

0 → L1[−D] → E → L2[D] → 0

is given by WD
[L1⊕L2,ϕ]

.
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In order to state the next theorem, let Cℓ and Cu be two critical sets with f(Cℓ) < f(Cu), choose

ε > 0 so that there are no critical values in the interval (f(Cu)− ε, f(Cu)) and define

(4.3) S−
u = {x ∈ W−

u,0 | f(x) = f(Cu)− ε},

for which the projection S−
u → Cu is homeomorphic to a sphere bundle. Since f is S1 invariant,

then the level sets and the unstable sets are preserved by the S1 action, and so there is a canonical

homeomorphism

S−
u /S

1 ∼= PW−
u .

Recall from (2.5) that the space of unbroken flow lines from Cℓ to Cu is denoted by Lu
ℓ and that

there is an inclusion ℓuℓ ↪→ S−
u given by mapping a flow line to the unique point of intersection with

the level set f−1 (f(Cu)− ε).

By definition of the global secant variety, there is an inclusion

Pu
ℓ ↪→ PW−

u .

The next result relates the space of flow lines Lu
ℓ to the global secant variety Pu

ℓ .

Theorem 4.2. The projection S−
u → S−

u /S
1 ∼= PW−

u maps the image of Lu
ℓ ↪→ S−

u to the image

of Pu
ℓ ↪→ PW−

u . In particular, this projection induces a circle bundle g : Lu
ℓ → Pu

ℓ , where the fibres

are orbits of the S1 action eiθ · [E, ϕ] = [E, eiθϕ].

Now let Lu
ℓ denote the closure of Lu

ℓ in S−
u . This corresponds to adding flow lines for which the

downwards limit lies in an intermediate critical set Cm

(4.4) Lu
ℓ \ Lu

ℓ =
⋃

ℓ<m<u

Lu
m.

Similarly, let Pu
ℓ denote the closure of Pu

ℓ in PW−
u . This corresponds to adding points lying on

secant planes of lower dimension

(4.5) Pu
ℓ \ Pu

ℓ =
⋃

ℓ<m<u

Pu
m.

The following result shows that the projection map Fu
ℓ → Pu

ℓ from Theorem 4.2 extends to a

projection on the closure.

Proposition 4.3. Restricting the projection S−
u → S−

u /S
1 ∼= PW−

u to Lu
ℓ ⊂ S−

u determines a circle

bundle Lu
ℓ → Pu

ℓ .

4.2. Higgs pairs in the limit of the downwards flow. The results of the previous section

classify the Harder-Narasimhan filtrations in each unstable set W−
u , however this only determines

the holomorphic bundle underlying the Higgs pair in the lower limit of the flow, which is determined

by the extension from diagram (4.2). The goal of this section is to give an explicit description of the

gauge transformation that determines this isomorphism. This is motivated by the constructions in

[27, Sec. 4.5] and [26] which also give an explicit description of the effect of a Hecke modification

on a Higgs field. The difference here is that one can compose the two Hecke modifications that
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appear in the diagram (4.2) in such a way as to construct a smooth gauge transformation which

induces an isomorphism of Higgs pairs.

On writing the Higgs pair as an extension of bundles 0 → L2 → E → L1 → 0 with Higgs

field ϕ ∈ H0(L∗
1L2 ⊗M), it is easy to see the limit of the upwards flow, however the limit of the

downwards flow is not obvious. After changing gauge in this way, from this new point of view the

limit of the downwards flow appears via a simple calculation (see Lemma 4.4 below).

In preparation for Lemma 4.4, first consider the case of a Hecke modification of multiplicity m at

a single point p ∈ X. Let U be a coordinate neighbourhood with coordinate z centred at p. Choose

open neighbourhoods V,W of p with W ⊂ V , V ⊂ U and a C∞ bump function η : X → R≥0 such

that η ≡ 0 on W and η ≡ 1 on X \ V . Then

ω =
∂̄η

zm
∈ Ω0,1(X)

defines a smooth one form on X. In fact, since the support of ω is contained in a coordinate

neighbourhood, then ω ∈ Ω0,1(L) for any line bundle L trivialised over U ; in particular [ω] defines

a cohomology class in H0,1(L∗
1L2).

Let γ : [0, 1] → X be a loop contained in U \ V which has winding number one around the point

p. Serre duality then identifies the Dolbeault cohomology class [ω] ∈ H0,1(L∗
1L2) with an element

of H0(L∗
2L1 ⊗K)∗ given by

(4.6) [ω](s) :=

∫∫
X

(∂̄η)s

zm
=

∫∫
U

(∂̄η)s

zm

=

∫
γ

ηs

zm
=

∫
γ

s

zm
= 2πiResz=0

( s

zm

)
for all s ∈ H0(L∗

2L1 ⊗K).

When m = 1, then this is a scalar multiple of the evaluation map at the point p, and therefore

[ω] ∈ H0,1(L∗
1L2) ∼= H0(L∗

2L1⊗K)∗ corresponds to the image of p ∈ X in PH0(L∗
2L1⊗K)∗. When

m > 1 then (4.6) determines an m-dimensional subspace

spanC{[ω], [zω], . . . , [zm−1ω]} ⊂ H0(L∗
2L1 ⊗K)∗

which corresponds to the plane in PH0(L∗
2L1 ⊗K)∗ that osculates to order m− 1 to the image of

X at the point p ∈ X.

Now consider an extension 0 → L2 → E → L1 → 0 with extension class [ω] corresponding to a

holomorphic structure

∂̄A =

(
0 ∂̄η

zm

0 0

)
,

where the matrix (which is only nontrivial over U) is defined using the basis on E|U given by the

C∞ bundle isomorphism E|U ∼= L2|U ⊕ L1|U . Let φ ∈ H0(L∗
1L2 ⊗M) \ {0} so that

ϕ =

(
0 φ
0 0

)
.

Then [(∂̄A, ϕ)] is a Higgs pair in the unstable manifold of the critical point [L1 ⊕ L2, ϕ].
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Let L′
1 = L1[−mp]. On a trivialisation over the neighbourhood U , the pullback of ∂̄η

zm to

Ω0,1((L′
1)

∗L2) is given by applying a meromorphic gauge transformation(
1 0
0 z−m

)(
0 ∂̄η

zm

0 0

)(
1 0
0 zm

)
=

(
0 ∂̄η
0 0

)
to obtain an exact (0, 1) form. To trivialise this, one can apply a smooth gauge transformation(

1 η − 1
0 1

)(
0 ∂̄η
0 0

)(
1 1− η
0 1

)
−
(
0 ∂̄η
0 0

)(
1 1− η
0 1

)
=

(
0 0
0 0

)
to obtain a trivial holomorphic structure over U . Therefore, gauging by the singular gauge trans-

formation

g1 =

(
1 η − 1
0 1

)(
1 0
0 z−m

)
=

(
1 z−m(η − 1)
0 z−m

)
on a trivialisation over U shows that the pullback of the extension 0 → L2 → E → L1 → 0 is a

direct sum L2 ⊕ L′
1.

In a similar way, on the trivialisation over U one can gauge L2 ⊕ L′
1 by another singular gauge

transformation

g2 =

(
zm 0
0 1

)(
1 0

1− η 1

)
=

(
zm 0

1− η 1

)
to obtain an extension 0 → L1[−mp] → E′ → L2[mp] → 0 corresponding to the diagonal exact

sequence in the diagram (4.2). A priori this bundle E′ may not be isomorphic to E, however the

composition of these gauge transformations is

g2g1 =

(
zm η − 1

1− η z−m(1− (1− η)2)

)
,

which is a C∞ gauge transformation, since the point {z = 0} is contained in the neighbourhood W

where η ≡ 0, in which case we have

g2g1|W =

(
zm 1
−1 0

)
.

In particular, g2g1 defines an isomorphism of Higgs pairs (E′, ϕ′) := g2g1 · (E, ϕ)

In summary, this gives an explicit gauge theoretic construction of the Higgs field on a flow line,

from which we have a new proof of the results of [15, Sec. 4.2.3] on the limit of the downwards

flow.

Lemma 4.4. Let [L1 ⊕ L2, ϕ0] ∈ Cu and consider a Higgs pair in the unstable manifold W−
u

for which the underlying holomorphic bundle is an extension 0 → L2 → E → L1 → 0 which is

isomorphic to 0 → L1[−D] → E → L2[D] → 0 via (4.2) for an effective divisor D such that degD <
1
2(degL1−degL2). Then the limit of the downwards flow is the critical point [L1[−D]⊕L2[D], ϕ∞],

where ϕ∞ ∈ H0(L∗
1L2[2D]⊗M) is the image of ϕ0 ∈ H0(L∗

1L2 ⊗M) via the sheaf homomorphism

L∗
1L2 ⊗M ↪→ L∗

1L2[2D]⊗M .
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Proof. In a local trivialisation around each point pk with multiplicity mk, the construction above

determines a smooth gauge transformation

ϕ′ = (g2g1) · ϕ ∈ H0((L1[mkpk])
∗L2[mkpk]⊗K),

which has the form

(g2g1) · ϕ =

(
zmk η − 1
1− η z−mk(1− (1− η)2)

)(
0 φ
0 0

)(
z−mk(1− (1− η)2) 1− η

η − 1 zmk

)
=

(
(η − 1)zmkφ z2mkφ
−(1− η)2φ (1− η)zmkφ

)
Now let [L′

1 ⊕ L′
2, ϕ∞] denote the critical point at the lower limit of the downwards flow. The flow

is given by scaling the Higgs field ϕ 7→ e−2tϕ and applying a complex gauge transformation to

preserve Hitchin’s equations (2.1). In the situation under consideration, this gauge transformation

has the effect of scaling the extension class to zero. On the Higgs field ϕ′ this has the form

ϕ(t) = e−2t

(
et 0
0 e−t

)(
(η − 1)zmkφ z2mkφ
−(1− η)2φ (1− η)zmkφ

)(
e−t 0
0 et

)
=

(
e−2t(η − 1)zmkφ z2mkφ
−e−4t(1− η)2φ e−2t(1− η)zmkφ

)
⇒ lim

t→∞
ϕ(t) =

(
0 z2mkφ
0 0

)
=: ϕ∞.

Therefore we see that the Higgs field in the limit of the flow now has an extra zero of order 2mk at

each point pk.

The general case works in the same way, by constructing an extension class associated to the

effective divisor
∑n

k=1mkpk using disjoint coordinate neighbourhoods Uk of each pk. The same

process shows that the limit ϕ∞ must have a zero of order 2mk at each point pk ∈ X for k =

1, . . . , n. □

Conversely, given a critical point [L′
1 ⊕ L′

2, ϕ∞] ∈ Cℓ, the same method can be used to describe

all points in the upwards limit of a flow line emanating from [L′
1 ⊕ L′

2, ϕ∞].

Corollary 4.5 ([15, Sec. 4.2.3]). Let [L′
1 ⊕ L′

2, ϕ∞] ∈ Cℓ, let D be an effective divisor with degree

bounded by

0 < degD <
1

2
(degE + degM)− ℓ

and suppose that ϕ∞ ∈ H0((L′
1)

∗L′
2 ⊗M) is the image of some ϕ0 ∈ H0(L′∗

1 L
′
2[−2D] ⊗M) under

the homomorphism H0(L′∗
1 L

′
2[−2D] ⊗ M) ↪→ H0((L′

1)
∗L′

2 ⊗ M). Then there exists a flow line

connecting [L′
1 ⊕ L′

2, ϕ∞] ∈ Cℓ and [L′
1[D]⊕ L′

2[−D], ϕ0] ∈ Cℓ+degD.

Proof. Lemma 4.4 shows that for all effective divisors D satisfying the above degree bound, one

can construct a flow line between [L′
1[D]⊕ L′

2[−D], ϕ0] and [L′
1 ⊕ L′

2, ϕ∞] ∈ Cℓ. □

Now we can classify all the flow lines between two critical points.
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Corollary 4.6. Let [L′
1 ⊕ L′

2, ϕ∞] ∈ Cd and [L′
1[D] ⊕ L′

2[−D], ϕ0] ∈ Cd+degD be critical points

with ϕ∞ ∈ H0((L′
1)

∗L′
2 ⊗ M) the image of ϕ0 ∈ H0(L′∗

1 L
′
2[−2D] ⊗ M) under the homomorphism

H0(L′∗
1 L

′
2[−2D] ⊗ M) ↪→ H0((L′

1)
∗L′

2 ⊗ M). Modulo the S1 action, the space of all flow lines

between these critical points is parametrised by the open subset

Π
L′∗
1 L′

2[−2D]
D ∩ SecN0 (X) ⊂ Π

L′∗
1 L′

2[−2D]
D ⊂ PH1((L′

1)
∗L′

2[−2D]).

Therefore we have a complete description of the flow lines on the moduli space of rank 2 Higgs

bundles.

5. The energy function is Morse-Bott-Smale

A general result of Frankel [11] implies that if the degree and rank of E are coprime, then

f : Mst
Higgs → R is a perfect Morse-Bott function (see also [7] and [8] for related results for

Bialynicki-Birula stratifications of singular moduli spaces). When rank(E) = 2, then this also

applies in the noncoprime case, since the singularities in the moduli space do not intersect the

stable or unstable manifolds for the nonminimal critical sets (see Section 2.3). Now we can use the

explicit description of the spaces of flow lines to show that the stable and unstable manifolds of f

intersect transversely, and therefore f satisfies the stronger Morse-Bott-Smale condition.

Let rank(E) = 2, let 1
2 degE < ℓ < u ≤ 1

2 (degE + degM) and consider two critical sets Cℓ, Cu.

Since f is Morse-Bott, then W+
ℓ is a manifold with codimension equal to the Morse index at Cℓ.

Therefore, for any x ∈ Fu
ℓ we have

TxM
ss
Higgs

∼= TxW
+
ℓ ⊕NM

x W+
ℓ ,

where NM
x W+

ℓ denotes the normal to TxW
+
ℓ in the ambient manifold M := Mss

Higgs. Theorem 4.2

shows that the space of unbroken flow lines between the two critical sets is Suℓ ⊂ S−
u . In particular,

we have the following

Lemma 5.1. The real codimension of Fu
ℓ in W−

u is equal to the Morse index of Cℓ.

Proof. The codimension of the global secant variety Pu
ℓ ⊂ PW−

u is equal to the codimension of

Sec
L∗
1L2

u−ℓ,0(X) in a single fibre PH1(L∗
1L2). Lemma 3.5 shows that dimR Secu−ℓ

0 (X) = 2 (2(u− ℓ)− 1)

and so an application of Riemann-Roch shows that the real codimension is

2 (g − 1 + degL1 − degL2 − 2(u− ℓ)) = 2 (g − 1 + u− (degE − u)− 2(u− ℓ))

= 2 (g − 1− degE + 2ℓ) ,

which is equal to the real codimension of W+
ℓ , or equivalently the index 2(g − 1 + ℓ− (degE − ℓ))

at Cℓ from (2.6). □

Proposition 5.2. The function f : Mss
Higgs → R is Morse-Bott-Smale.
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Proof. The previous lemma shows that there is a subspace NW−
u

x Fu
ℓ ⊂ TxW

−
u which is complemen-

tary to TxW
+
ℓ and has the same dimension as NM

x W+
ℓ . Therefore we have

TxM
ss
Higgs

∼= TxW
+
ℓ ⊕NW−

u
x Fu

ℓ ⊂ TxW
+
ℓ + TxW

−
u ,

and so the intersection W+
ℓ ∩W−

u is transverse. □

6. Compactification of spaces of flow lines

An important step in the construction of the Morse-Bott-Smale complex (cf. [1]) is to compactify

the space of flow lines Lu
ℓ between two critical sets by adding broken flow lines. For the moduli space

of Higgs bundles, Theorem 4.2 shows that Lu
ℓ has an algebro-geometric interpretation in terms of

the global secant variety Pu
ℓ and the goal of this section is to prove Theorem 6.1, which shows

that the compactification by broken flow lines has an analogous interpretation via the resolution of

secant varieties studied by Bertram [2].

Recall the space Lu
ℓ of unbroken flow lines from (2.5) and the inclusion Lu

ℓ ↪→ S−
u into the sphere

bundle (4.3). There are two compactifications of Lu
ℓ that will be important in the sequel. The first,

denoted by Lu
ℓ , is simply given by taking the closure in S−

u , and corresponds to taking the union

of Lu
ℓ with all spaces Lu

m such that ℓ < m < u (cf. (4.4)).

The second compactification corresponds to adding broken flow lines between Cu and Cℓ. Austin

and Braam [1] give a detailed description of this compactification, which will be denoted L̃u
ℓ in the

sequel (see Section 6.1 for more details). There is a canonical projection

(6.1) PMorse : L̃u
ℓ → Lu

ℓ

given by mapping a broken flow line emanating from Cu to the unique point of intersection with

the level set f−1 (f(Cu)− ε), where ε > 0 is chosen so that there are no critical values between

f(Cu) − ε and f(Cu). This projection is one-to-one on the open subset Lu
ℓ ⊂ L̃u

ℓ and for each

x ∈ L̃u
ℓ \ Lu

ℓ such that limt→∞ φ(x, t) = x∞ ∈ Cm, the fibre P−1
Morse(x) is the space of broken flow

lines between x∞ and Cℓ.

On the algebro-geometric side, Bertram [2] constructs a resolution S̃ec
N

L (X) → SecNL (X) of each

secant variety, which extends to a fibrewise resolution

(6.2) PSec : P̃u
ℓ → Pu

ℓ

of the global secant variety. The exceptional divisors in this resolution correspond to sequences of

points in secant varieties of X ⊂ PH1(L∗
1L2[2D]) for different divisors D (see Section 6.2 for more

details). From the point of view of Theorem 4.2, this corresponds to a sequence y1, . . . , yn of critical

points together with points z1, . . . , zn such that zk ∈ PW−
xk−1

lies in a secant plane of X ↪→ PW−
xk−1

such that the preimage in the sphere bundle S−
yk−1

flows down to yk.

Theorem 4.2 shows that the S1 action on the moduli space determines a circle bundle Lu
ℓ → Pu

ℓ ,

and Proposition 4.3 shows that this extends to a circle bundle Lu
ℓ → Pu

ℓ . In Section 6.1, we construct

a map L̃u
ℓ → P̃u

ℓ that takes a broken flow line to a sequence of secant planes, corresponding to a
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point in the resolution (6.2). The goal of this section is to prove the following result that this map

extends to a projection from the Morse resolution (6.1) to Bertram’s resolution (6.2).

Theorem 6.1. The following diagram commutes

(6.3)

L̃u
ℓ P̃u

ℓ

Lu
ℓ Pu

ℓ

Def. 6.5

PMorse Psec

Prop. 4.3

One of the motivations of [2] was to resolve the rational extension map to the moduli space

of semistable bundles P := PH1(L∗
1L2) 99K Mss(E) to a morphism P̃ → Mss(E). In the Morse-

theoretic language of Theorem 6.1, this morphism is now given by the map L̃u
0 → Mss(E) taking

a broken flow line to the critical point in the lower limit.

6.1. The Morse resolution. In the following, let f : M → R be a proper Morse-Bott function,

with critical sets labelled Cd for 0 ≤ d ≤ n and f(Ci) < f(Cj) iff i < j. We also assume that f is

weakly self indexing, so that Li
j = ∅ if i < j (cf. [1, Sec. 3]). This assumption is satisfied for the

moduli space of rank 2 Higgs bundles with the critical sets labelled with the convention of Section

2.1. The time t downwards gradient flow of f with initial condition z ∈ M is denoted by φ(z, t).

Given a Morse-Bott-Smale function satisfying the conditions of [1], any pair of critical sets

determines a Morse resolution defined using the compactification of unbroken flow lines by adding

spaces of broken flow lines. More precisely, let Cℓ and Cu be two critical sets with f(Cℓ) < f(Cu),

and recall the definition of the space of unbroken flow lines

Lu
ℓ = {z ∈ M | lim

t→∞
φ(z, t) ∈ Cℓ, lim

t→−∞
φ(z, t) ∈ Cu}/R,

where the action of R on a flow line is by time translation. When it is necessary to specify the

upper critical point y ∈ Cu, the space of flow lines is denoted

L
y
ℓ = {z ∈ M | lim

t→∞
φ(z, t) ∈ Cℓ, lim

t→−∞
φ(z, t) = y}/R.

Choose ε > 0 so that there are no critical values in the interval [f(Cu)− ε, f(Cu)). Then each

flow line emanating from Cu has a unique point of intersection with the level set f−1 (f(Cu)− ε).

Identifying the sphere bundle S−
u inside the unstable manifold with a subset of the level set gives

an homeomorphism S−
u
∼= W−

u,0 ∩ f−1 (f(Cu)− ε), and therefore there is an inclusion

Lu
ℓ ↪→ S−

u .

Now define Lu
ℓ to be the closure of Lu

ℓ inside S−
u . Similarly, for a given y ∈ Cu, L

y
ℓ denotes the

closure of Ly
ℓ ⊂ S−

y .
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6.1.1. Compactification by broken flow lines. Before defining the Morse resolution (see Definition

6.2 below), first recall the compactification L̃u
ℓ of the space Lu

ℓ of flow lines defined by adding

broken flow lines. The motivation for this definition is that these compactified spaces are used to

show that the differentials δ in the Morse complex satisfy the conditions δ ◦ δ = 0 (cf. [1, Prop.

3.5]) and that they are compatible with the cup product via the chain relation [1, (2.2)]. This

compactification is explained in detail by Austin and Braam [1, Sec. 2].

Each point x ∈ L̃u
ℓ determines a sequence of intermediate critical sets Cm1 , Cm2 , . . . , Cmx = Cℓ

with indices m1 > m2 > · · · > mkx = ℓ and flow lines between these critical sets

(6.4) x1 ∈ Lu
m1

, x2 ∈ Lm1
m2

, . . . , xkx ∈ L
mkx−1

ℓ .

In the sequel, a flow line of this form will be denoted x = {x1, . . . , xkx} ∈ L̃u
ℓ .

Definition 6.2. The Morse resolution of Lu
ℓ is the projection taking a broken flow line x =

{x1, . . . , xkx} ∈ L̃u
ℓ to the first flow line emanating from Cu

PMorse : L̃u
ℓ → Lu

ℓ

x = {x1, . . . , xkx} 7→ x1.
(6.5)

When the upper critical point y ∈ Cu is fixed, then the Morse resolution is denoted

PMorse : L̃
y
ℓ → L

y
ℓ

The following lemma shows that each fibre of PMorse is itself a Morse resolution at a lower critical

set.

Lemma 6.3. Let ℓ < m < u, let PMorse : L̃u
ℓ → L

u
ℓ be the resolution from Definition 6.2 and let

x1 ∈ Lu
m ⊂ Lu

ℓ with y1 ∈ Cm the corresponding critical point at the lower limit of the flow line x1.

Then

P−1
Morse(x1) = L̃

y1
ℓ .

Proof. The fibre P−1
Morse(x1) consists of all broken flow lines connecting y1 ∈ Cm to Cℓ, which is

precisely the resolution L̃
y1
ℓ . □

6.2. Resolution of secant varieties. In this section we recall the resolution of secant varieties

defined by Bertram [2] and then prove Theorem 6.1, which relates this to the compactification by

broken flow lines of the previous section.

Using Schwarzenberger’s secant bundle construction [23], Bertram [2] constructs a resolution of

SecLN (X) ⊂ PH1(L) by repeatedly blowing up PH1(L) along the secant varieties of lower dimension.

The precise statement we need is from [2, Sec. 2], which is summarised in Lemma 6.4 below, however

first we recall the key parts of the construction (see also [6]).

Let Bk(L) be the secant bundle associated to the line bundle L∗ ⊗ K (cf. [2, Sec. 1]). Using

H1(L) ∼= H0(L∗ ⊗K)∗, let bl1(PH1(L)) denote the blowup of PH1(L) along X ⊂ PH1(L). Each
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secant variety is the image of βk : Bk(L) → PH1(L), and bl1(B
k(L)) is the blowup of Bk(L) along

β−1
k (X). Let bl1(βk) be the unique lift of βk to a map

bl1(B
k(L)) bl1(PH1(L))

Bk(L) PH1(L).

bl1(βk)

βk

Now inductively continue the process. If bln(PH1(L)), bln(B
k(L)) and bln(βk) are defined for all

k ≥ n and bln(βn) is injective, then (after identifying bln(B
n(L)) with its image), define

(i) bln+1(PH1(L)) to be the blowup of bln(PH1(L)) along bln(B
n(L)),

(ii) bln+1(B
k(L)) to be the blowup of bln(B

k(L)) along bln(βk)
−1(bln(B

n(L))), and

(iii) bln+1(βk) to be the unique map bln+1(B
k(L)) → bln+1(PH1(L)).

This construction hinges on the injectivity of bln(βn) at each step, which is proved in [2, Prop.

2.3]. Now we can restate [2, Cor. 2.5(b)] in the form needed in the sequel.

Lemma 6.4. Let ℓ < m < u, let PSec : blk+1(PH1(L∗
1L2)) → PH1(L∗

1L2) be the resolution from [2]

and let x1 ∈ Pu
m ⊂ Pu

ℓ be a secant plane in PH1(L∗
1L2) corresponding to a divisor D on X. Then

P−1
Sec(x1) = blk−degD(PH1(L∗

1L2[2D])).

Inductively applying Lemma 6.4 to the fibres of

PSec : blk−degD(H
1(L∗

1L2[2D])) → PH1(L∗
1L2[2D])

shows that each point x ∈ blk+1(PH1(L∗
1L2)) corresponds to a sequence of points in secant planes

x1 ∈ Sec
L∗
1L2

k1,0
⊂ PH1(L∗

1L2) corresponding to a divisor D1

x2 ∈ Sec
L∗
1L2

k2,0
⊂ PH1(L∗

1L2[2D1]) corresponding to a divisor D2

x3 ∈ Sec
L∗
1L2

k3,0
⊂ PH1(L∗

1L2[2D1 + 2D2]) corresponding to a divisor D3

...
...

xn ∈ Sec
L∗
1L2

kx,0
⊂ PH1(L∗

1L2[2D]) corresponding to a divisor Dn,

(6.6)

where D = D1 + · · · + Dn−1 is used to simplify the notation in the last line. In the sequel,

x ∈ blk+1(PH1(L∗
1L2)) of the above form will be denoted x = {x1, . . . , xkx} ∈ blk+1PH1(L∗

1L2).

We can now define a map relating the Morse resolution and the resolution of secant varieties.

Recall the circle bundle g from Theorem 4.2 that takes an unbroken flow line x ∈ L
y
ℓ to the

corresponding point in Sec
L∗
1L2

N,0 ⊂ PH1(L∗
1L2). The following definition extends this map to the

space of broken flow lines.

Definition 6.5. Let Cℓ and Cu be critical sets with ℓ < u and let y ∈ Cu. Define G : L̃y
ℓ →

blk+1(PH1(L∗
1L2)) by

G({x1, . . . , xn}) = {g(x1), . . . , g(xn)}.
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Since the fibres of g are circles, then we have the following result about the fibres of G.

Lemma 6.6. Let y = [L1 ⊕ L2, ϕ] ∈ Cu be a critical point and let {s1, . . . , sn} ∈ blk+1(PH1(L∗
1L2)

be a point in the blowup of PH1(L∗
1L2). Then G−1({s1, . . . , sn}) ∼= (S1)n.

Proof. By definition, we have

G−1({s1, . . . , sn}) = {(x1, . . . , xn) ∈ L̃
y
ℓ | g(xi) = si, i = 1, . . . , n},

and so G−1({s1, . . . , sn}) is a Cartesian product

g−1(s1)× · · · × g−1(sn) ∼= (S1)n. □

In particular, we see that the subset of broken flow lines with n− 1 intermediate critical points

has a canonical (S1)n action induced from the S1 action on Mss
Higgs(E).

Now we can prove Theorem 6.1, which relates the compactification by broken flow lines to the

resolution of secant varieties.

Proof of Theorem 6.1. Proving that the diagram (6.3) commutes reduces to simply writing down

the maps using the above definitions. We have

PSec ◦G({x1, . . . , xn}) = PSec({g(x1), . . . , g(xn)}) = g(x1)

and

g ◦ PMorse({x1, . . . , xn}) = g(x1),

which completes the proof. □

References

[1] D. M. Austin and P. J. Braam. Morse-Bott theory and equivariant cohomology. In The Floer memorial volume,
volume 133 of Progr. Math., pages 123–183. Birkhäuser, Basel, 1995.
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