FLOW LINES ON THE MODULI SPACE OF RANK 2 TWISTED HIGGS
BUNDLES

GRAEME WILKIN

ABSTRACT. This paper studies the gradient flow lines for the L? norm square of the Higgs field
defined on the moduli space of semistable rank 2 Higgs bundles twisted by a line bundle of positive
degree over a compact Riemann surface X. The main result is that these spaces of flow lines have
an algebro-geometric classification in terms of secant varieties for different embeddings of X into the
projectivisation of the negative eigenspace of the Hessian at a critical point. The compactification
of spaces of flow lines given by adding broken flow lines then has a natural interpretation via a
projection to Bertram’s resolution of secant varieties.

1. INTRODUCTION

The moduli space of Higgs bundles over a compact Riemann surface admits a natural Morse-
Bott function, given by the square of the L? norm of the Higgs field. This has been instrumental in
efforts to understand more about the topology of this space, with an enormous amount of activity
beginning with the original work of Hitchin [16]. There has been much recent interest in gradient
flow lines of this function and their connection with Geometric Langlands, which has focused on
understanding the very stable and wobbly bundles (see [5], [9], [10], [15], [20], [22]).

Motivated by the geometric description of Yang-Mills-Higgs flow lines in [26], the goal of this
paper is to give a concrete description of the space of flow lines connecting two critical sets for the
function |¢[|%,. In general, for any Morse-Bott function, the unstable set of a critical set is stratified
by the types of the critical sets that can appear as downwards limits of the flow. The main result
of this paper is that, for rank 2 Higgs bundles, this stratification has a geometric interpretation
in terms of secant varieties for different embeddings of the underlying Riemann surface into the
projectivisation of the negative eigenbundle of the Hessian at each critical point. Moreover, this
geometric description of the flow lines also leads to a simple proof that the function Hng%Q is in fact
Morse-Bott-Smale, and therefore one can use the methods of [1] to construct a Morse complex in
which the cup product is determined by the topology of the spaces of flow lines.

For rank 2 Higgs bundles twisted by a line bundle M, the nonminimal critical points of [|¢||, have
the form [L; @ Lo, #], where L1, Lo are line bundles with deg L1 > deg Ly and ¢ € H°(Li Ly ® M).
The unstable manifold of such a critical point is homeomorphic to H'(L%Ls), which parametrises
extensions 0 — Lo — E — L1 — 0. Since deg L1 > deg Lo, then there is a canonical embedding
X « PH'(L%L), and the first main result is that the limit of the downwards flow with initial

Date: August 23, 2024.
2000 Mathematics Subject Classification. Primary: 58D15; Secondary: 14D20, 32G13.



2 GRAEME WILKIN

condition in the unstable manifold of [L; @ Lo, ¢] is determined by the secant varieties of X —
PH!(LiLy).

Theorem 1.1 (Theorem 4.2). Fizx rank(E) = 2 and let Cy,C,, be two critical sets indexed by
0<l<u< %degE + g — 1. Then the space Ly of flow lines between Cy and Cy, is a circle bundle
over the (u—£)™" global secant variety Py from Definition 3.6, where the fibres are the orbits of the

St action et - [E,¢] = [F, Sieéf)] on Mﬁiggs(E)'

Remark 1.2. The notation £} is used for the space of flow lines and F} is used for the space of
points that flow up to C,, and down to Cyp (cf. (2.4) and (2.5)). The two spaces are related by

7 == J} /R, where R acts by time translation along a flow line.

Therefore we have a parametrisation of the unbroken flow lines connecting two critical sets,
however to construct a Morse-Bott complex on the moduli space one needs to prove that the
function satisfies the stronger Morse-Bott-Smale condition. Theorem 1.1 leads to a simple proof of
the Morse-Bott-Smale property (see Proposition 5.2), which has the following consequences for the
cup product on the Morse complex.

There are canonical maps m; : 3} — Cy and m, : I} — C,, given by taking the limit of the flow
as t — Foo. Similarly, there is canonical projection p, : P} — C, (from Definition 3.6) as well as
a projection p, : Py} — Cy taking a point in a secant plane to the limiting Higgs pair from Section
4.2.

Let n € H*(Cp) and w € H*(M3, ,(E)). The class w restricts to a cohomology class on

Fi C M3,y05(E)), which we also denote by w. The cup product in the Morse-Bott complex (see

[1, Sec. 3.5]) for M, s (E) is given by

en(w) = (mu )« (1 () ~ w).

The previous theorem shows that this factors through the global secant variety via the following

diagram.
Ii
s
(L.1) /e N
SN
Cy Cy

Therefore the cup product can be expressed entirely in terms of the homomorphisms p; and (pu)«

Cy(w) = (Pu)+gx (97P (M) ~ w) = (Pu)« (P2 (1) ~ g4(w)) .
Finally, it is natural to construct the Morse-Bott-Smale compactification of the space of flow
lines given by attaching spaces of broken flow lines (this is explained in detail by Austin and Braam
[1]). The next theorem shows that this compactification of the space of flow lines has an algebro-

geometric interpretation in terms of the resolution of secant varieties constructed by Bertram [2].
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Theorem 1.3 (Theorem 6.1). Let Pyjorse : ng — [7; be the Morse resolution associated to the
compactification of broken flow lines from (6.1) and let Psec : P} — Tg be the resolution of secant
varieties defined by Bertram [2]. Then the map that takes a broken flow line to the corresponding

chain of points in secant planes (Definition 6.5) makes the following diagram commute.

@ Def. 6.5 UA’};
(1'2) PMorsel lPSEC
Prop. 4.3

Organisation of the paper. Section 2 contains the background material and notational con-
ventions used throughout the paper. The secant varieties of the Riemann surface in the unstable
manifold of a critical point are constructed in Section 3, which leads to the classification of the
unbroken flow lines (Theorem 4.2) in Section 4, and in turn a proof that |||/, is Morse-Bott-Smale
in Section 5. Finally, Section 6 contains the details of the compactification of the space of flow lines
and its relation with the resolution of secant varieties (Theorem 6.1).

Acknowledgements. The author gratefully acknowledges support from the Simons Center for
Geometry and Physics, Stony Brook University and the organisers of the summer workshop on
Moduli which provided the motivation for this paper, as well as Tamas Hausel, Ana Peon Nieto

and Paul Feehan for useful discussions.

2. BACKGROUND AND NOTATIONAL CONVENTIONS

In this section we recall the relevant results and set the notation for the remainder of the paper.
Unless otherwise noted, the material is well understood and can be found in [16] or [25].

Let X be a compact Riemann surface of genus g > 2 and let £ — X be a rank 2 complex vector
bundle of degree d = Oor 1. Fix a smooth Riemannian metric on X and a smooth Hermitian metric
on E, and let A%! denote the space of holomorphic structures on E. The complex gauge group is
denoted G€ and the unitary gauge group associated to the Hermitian metric is denoted G.

One can also consider the determinant map det : A%! — Jacy(X) and for a fixed £ € Jacyq(X) the
subsets Ag’l .= det™1(¢) and Endy(F) := {u € End(E) | tr(u) = 0}. Many of the constructions
in this fixed determinant setting are the same as the non-fixed determinant case, and we will only
distinguish between the two cases when necessary; namely when specifying the fixed point sets of
the C* action.

Let M — X be a line bundle. The space of Higgs pairs twisted by M is denoted
B ={(04,0) € A% x Q°(End(E) ® M) | 846 = 0}.

The open subset of stable (resp. semistable) Higgs pairs is denoted B! (resp. B**) and the moduli
space of stable (resp. semistable) Higgs bundles on E is denoted

Mﬁiggs(E) = ‘BSt/g(C (resp. i;iggs(E) = BSS//gc)'
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If deg E and rank(E) are coprime then B! = B*$ and the moduli space is a smooth manifold.

For each (04,¢) € B*, the associated equivalence class in Mifiggs(E) is denoted by [0, ®].
When the holomorphic bundle is a direct sum L; & Lo or an extension 0 — Lo — EF — L1 — 0 of
line bundles, then it is more convenient to use the notation [L; & Lo, ¢] or [E, ¢).

With respect to the fixed Hermitian metric, each holomorphic structure d4 has an associated

Chern connection denoted d4 with curvature F'4. Hitchin’s equations are

ey B 2mideg(FE)
(2.1) *(Fa+[p,0"]) =A-id, where A = vol(X) rank(E)"
The Hitchin-Kobayashi correspondence of Hitchin [16] and Simpson [24] shows that
(22) ‘?iggs(E) = {(5.47 ¢) €B ‘ (5147 ¢) SatiSfy (21)}/9

2.1. Properties of the energy function. The function [|¢[|7, : B — R is G-invariant, and so

(2.2) shows that the restriction to the solutions of (2.1) descends to a well-defined function

f = ”¢H%Q : ﬁiggs(E) — R,

where it is the moment map associated to the circle action e - [04,¢] = [0a,e?¢] (cf. [16]).
The general result of Frankel [11] shows that (when the moduli space is smooth) f is a perfect
Morse-Bott function.

This action extends to a C* action e - [04, ¢] = [04, €“¢] for u € C. The gradient flow lines of f

SS
on MHiggs

(2.3) e - [0a,¢] = [0a,¢'d], teR.

(E) are generated by the subgroup R~ C C*, for which the action is

The minimum f~!(0) corresponds to the subset of semistable Higgs pairs with zero Higgs field,
(E). The nonmin-
imal critical points of f correspond to fixed points of the C* action, which have a well-understood

which is the moduli space of semistable holomorphic bundles M**(E) — M3, 995
classification in terms of variations of Hodge structure (cf. [25]). In general, a Higgs pair [(E, ¢)]

is a fixed point of the C* action if and only if

(i) the bundle decomposes as a direct sum F = E1 @ --- @ Ey,
(ii) for each j =1,...,n — 1 the Higgs field is ¢(£;) C E;41 ® M, and

(iii) the resulting Higgs pair is semistable.

The equation (2.1) then determines the value of f = ||¢||2, at each critical set.

In the rank 2 case, the minimum of f occurs when the holomorphic bundle is semistable and
the Higgs field is zero. At a nonminimal critical point, the holomorphic bundle is a direct sum
of line bundles E & L; @ Lo with deg Ly < degL; < degLy +degM and ¢ € HY(LiLs ® K).
Let di = deg Ly, do = deg Ly and m = deg M. The critical values are ordered by the value of
dy — da, and each critical set is homeomorphic to S%2~%+mX x J(X) (non fixed determinant) and
Sdz=ditm ¥ (fixed determinant), where S¢X denotes the 2%9 fold cover of SX studied by Hitchin
[16, Prop. 7.1].
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In the sequel, the nonminimal critical set corresponding to deg Ly = d will be denoted Cy for each
integer value of d in the range %degE <d< %(degE + deg M). The minimum (corresponding
to ¢ = 0) will be denoted Cj. Using the fact that the gradient flow of f is defined using the R-q
action (2.3), the stable and unstable sets of Cy are defined by

W, ={[04, 6] € Mijigqs(E) | lim[0a,A¢] € Ca}
Wd_ = {[5147 ¢] € M?iggs(E) | [5147 )‘(ZS] € Cd}

The corresponding spaces with the critical sets removed are

lim
A—00

W(ZO = VVd+ \ Cy, WC;O = W(; \ Cy.

If the degree and rank of E are coprime then these are manifolds, however the C* action is defined
for general bundles E and therefore the above definitions do not require this assumption.

For any £ < u, the space of Higgs pairs that flow down to Cy and up to C, is denoted
(2.4) Fp=Wrnw,.

The space of unbroken flow lines between two critical sets is then given by dividing by the R

action generating the flow

(2:5) ¢ =7 /Rso.

2.2. Morse strata for the gradient flow. Recent work of Hausel and Hitchin [15, Prop. 3.4 &
3.11] gives a complete classification of the Morse strata for the upwards and downwards flow of f

in terms of the existence of filtrations of the underlying holomorphic bundle for which the Higgs

field is nilpotent. Their results are summarised in the following

Proposition 2.1 ([15]). Let [(E, )], [(E', ¢')] € M3z,;,,s- Then
(i) limy_o[(E, @) = [(E', ¢")] if and only if there exists a filtration by subbundles
O=FyCcFE,C---CE,=F
such that ¢(Ey) C Exy1 @ K for each k =1,...,n— 1, and the induced maps
970(¢) : B/ Ex—1 — Eyi1/Ex

satisfy (E',¢') = (E1/Eo @ -+ ® En/En—1,910(¢))-
(ii) limyooo[(E, @) = [(E', ¢")] if and only if there exists a filtration by subbundles

0O=EyCE/C---CE,=F

such that ¢(Ex11) C Ex, @ K for each k =0,...,n— 1, and the induced maps
groo(®) : Egi1/Ex — Ex/Egp—

satisfy (E',¢') =2 (E1/Eg @ -+ ® En/En_1, 97 (9)).

Moreover, the filtrations with the properties in (i) and (ii) are unique.
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In the case of rank 2, part (i) of the above result reduces to an earlier observation of Hitchin [16]
that the Morse strata for the downwards flow correspond to the Harder-Narasimhan strata for the
underlying subbundle (see also [14]). The same is true for U(2,1) and SU(2, 1) Higgs bundles [12].
For rank 3 and higher this is no longer true and the stratification (studied in detail by Gothen and
Zuniga-Rojas [13] for the rank 3 case) is much more intricate.

In order to apply [15, Prop. 3.4 & 3.11] to a specific Higgs pair [(04, ¢)] € M37iggs(E), one needs
to first find a filtration of the appropriate type. The results of Section 4 give a criterion for such
filtrations to exist in the unstable set of each critical set. This criterion is geometric in nature and

emphasises the role of the complex structure on the underlying Riemann surface X.

2.3. The polystable locus in the rank 2 case. In general, the singularities of Mﬁiggs(E) are

contained in the locus where [E, ¢] is strictly polystable, so that there is a direct sum

(E>¢)) = (Ela ¢1) SRR (Ena(z)n)
of n > 1 stable Higgs pairs of the same slope. When rank(FE) = 2 and deg(E) = 0, then this can

only occur if (E, ¢) is a direct sum of two Higgs line bundles. In this case it was observed in [4]
that the locus of strictly polystable bundles does not intersect any of the nonminimal critical sets.
In particular, the unstable sets W, are all manifolds and all of the stable sets W; are manifolds

when d > 0. Therefore, even though M7

Higgs(E) is singular, when rank(E) = 2 it still makes sense

to refer to ||¢]|7, as a perfect Morse-Bott function, or (after proving Proposition 5.2) a perfect
Morse-Bott-Smale function, since it has a well-defined flow and the spaces of flow lines and the

local structure around the nonminimal critical sets satisfy these conditions.

2.4. The unstable manifold in a neighbourhood of a critical set. In the rank 2 case studied
n [16], the critical sets consist of Higgs bundles for which the holomorphic bundle is a direct sum
of line bundles E = L @ Lo (in the sequel we will always use the convention that deg L, > deg L2)
and the Higgs field is ¢ € H°(LiLy ® M) \ {0}. The next result is contained in [16], and we state

it here in order to use it in the sequel.

Lemma 2.2. In a neighbourhood of a critical point y := [L1 ® La, ¢], the unstable manifold W, of
points that flow up to the critical point (L1 @ Lo, @] is given by equivalence classes of Higgs pairs

for which the bundle is an extension
0—>Lo—>FE—>L —0
and the Higgs field is ¢ € HO(LiLy ® M) C H°(End(E) ® M.

In particular, the unstable manifold is parametrised by the space of extensions W~ = HY(LiLy)

and the Morse index at a critical point is then given by
(2.6) Ay i=dimg W~ = 2h' (L5 L) = 29 — 2 — 2deg(L}Ly) = 29 — 2 + 2(deg L1 — deg Ly).

For a given critical set Cy, the unstable manifold, denoted W , is a vector bundle over Cyq with
fibre over the critical point y := [L1 @ Lo, ¢] given by W~ = HY(L:Lo).
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Since the critical values are isolated, for each critical set Cy there exists € > 0 such that there

are no critical values in the interval [f(Cq) — ¢, f(Cy)). Define

Sq ={zeWg | f(2) = f(Ca) — €},

which is homeomorphic to a sphere bundle S; — Cy, for which the fibre over x € Cy is a sphere of

dimension A, — 1.

3. SECANT VARIETIES IN THE UNSTABLE MANIFOLD

Each unstable manifold W is stratified by

(3.1) wy = |J 7
0<t<d

In a neighbourhood of the critical set Cy, the unstable set W is diffeomorphic to a vector bundle
V. — Cg with fibres H Y(L%Ls). Since the C* action acts by scaling the extension classes in
these fibres, and the gradient flow is C* equivariant, then the stratification (3.1) descends to the
projectivisation PV, . In the next section (Lemma 4.1) we will show that the strata have a geometric
description in terms of certain secant varieties for the embedding X — PH!(L}Ls), and so in this
section we recall some facts about secant varieties and set the notation for the next section. Useful
references for the following are [2], [18], [19], [23].

Consider a critical point [L; @ L2, ¢] € Cy. Then L3L; ® K is very ample, and so there is an
embedding

F:X < PHYL{Ly) 2 PH(L3L, ® K)*.
Any effective divisor D = Z?:l m;p; of degree N defines a Hecke modification
/1 =1I [_D ] )

together with an induced homomorphism

i*: HY (LY Lo) — HY((L})*Ly).

Definition 3.1 (Secant plane of total multiplicity N). Given any integer N < deg L; —deg Lo and
an effective divisor D = Z?Zl mjp; of degree N, the secant plane of D in PH'(LjLs) is the plane

determined by the projectivisation of
ker (Hl(L‘{Lg) &, Hl((Ll[—D])*LQ)) .
The total multiplicity is N.

If N > 2 then it is a priori possible that the dimension of the secant plane will be lower than
expected; for example, if three points in X lie on a projective line in PH 1(L“{L2). The next lemma
gives a bound on N for which the secant plane is guaranteed to have the expected dimension. In

particular, this result applies to all flow lines between nonminimal critical sets (see Lemma 4.1).
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Lemma 3.2. If N < dy — da, then every secant plane in PH'(LiLy) of total multiplicity N is
isomorphic to PN~1, and corresponds to the unique linear PN~1 C IP’HI(L’{LQ) that osculates to
order mj — 1 at each p; € X C PH(L;Ly).

Proof. The bound on N shows that deg(L})*Ls = deg LiLs + N < 0, and so h°((L})*L2) = 0, in

which case the long exact sequence reduces to
0— CN — HY (L1 Ly) -5 HY((L})*Ly) — 0.

Therefore dim¢ ker¢* = N, as required.
The statement that the plane osculates to the correct order at each point p; € X follows from
[17, Prop. 2.4]. O

The notation for the above construction is written in terms of the notation for critical points of
[+ M35i44s(E) = R in order to be compatible with the results of the next section. To simplify the
following, from now on let L := L] Ls.

If N satisfies the bound of the previous lemma, then the above construction defines an injective

map
(3.2) seck : SN X — Gr(N, HY(L))

that takes an effective divisor of degree N to keri* C H'(L) (or equivalently, the secant plane in
PH(L)).

Consider the tautological bundle T — Gr(N, H!(L)), and let Ty denote the complement of the
zero section in T'. There is a projection 7 : Ty — PH'(L) which takes each point in a plane to its

image in PH'(L), and therefore there is a projection map (3.2)
(seck)*Ty — PHY(L).

Definition 3.3 (N'" secant variety). Let N satisfy the bound of Lemma 3.2. The N secant
variety of X in PH'(L), denoted Seck (X), is the image of the projection (seck)*Ty — PH'(L).

For each effective divisor D = Z§:1 m;p; of degree N, the secant plane of D in PH(L) is
denoted TT% C Seck (X) c PH'(L).

Remark 3.4. The relationship between this construction and Schwarzenberger’s secant bundle
construction [23] is explained in [3].

The construction above shows that Seck (X) c PH'(L) is the subvariety containing all of the
points that lie in secant planes of total multiplicity N.

If N satisfies the bound of Lemma 3.2, then two secant planes defined by effective divisors Dq
and Dy will intersect in PH'(LiLs) if and only if there exists an effective divisor E such that
Di—FE >0, Dy—FE > 0. The intersection Hg{ng ﬂHgl;LQ is the secant plane H?LQ for the maximal

such choice of F.
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The results of the next section show that spaces of flow lines can be parametrised by secant
varieties in PH'(L{Ly) (cf. Lemma 4.1). The following open subset of points that do not lie on

any secant planes of smaller dimension will parametrise unbroken flow lines
(3.3) Sec&o(X) := Seck (X)\ Seck _,(X).

Numerous authors have studied the singularities in Seck (X); see for example [2], [19], [23]. The

precise statement we need in the sequel is the main theorem of [3].

Lemma 3.5 ([3]). If N satisfies the bound of Lemma 3.2, then Sing (Seck (X)) = Seck_,(X). In
particular, Sec&O(X) is a smooth manifold of complex dimension dimc SecNO(X) =2N - 1.

The above construction will be used to parametrise spaces of flow lines that appear within the
unstable manifold of a single critical point. This determines a fibre bundle over each critical set,
with each fibre given by a secant variety as above for a different choice of bundle. This is made

precise in the following definition.

Definition 3.6 (Global secant variety). Let C,, be a nonminimal critical set and let PW, be the
projectivisation of the unstable manifold from Lemma 2.2. The N** global secant variety over C,,
is the smooth fibre bundle P! _, — PW, — C, for which the fibre over [L; @ Lq,¢] € C, is
Secki™(X) c PHY(L:Ly).

The open subset for which the fibres are Sec?OL ?(X) is denoted P_ No CPu N

Remark 3.7. The difference Py \ Py_y ( is a fibre bundle over C, with fibre Seck N Lf (X).

The points in Py parametrise a subset of the C* equivalence classes in W, . In order to
parametrise a subset of the associated sphere bundle S, C M3, .(E), define the fibre bundles

Higgs
Su—n = Cyand 8y, — Cy by pullback
w-No T Sy T 5y
l | I
Pu-no — Pu_y — PWap.

The bundles P};_,; and 8};_ ; each contain subbundles corresponding to the secant planes asso-
ciated to a given effective divisor D of degree N. In the sequel these will be denoted P% and 8%

respectively.

Remark 3.8. Let / = u — N. The results of the next section will show that SZO consists of Higgs
pairs that flow down to the critical set Cy and 8} \ 8}, consists of Higgs pairs that flow down to

an intermediate critical set C,, for £ < m < u.

4. CLASSIFICATION OF FLOW LINES

The goal of this section is to prove Lemma 4.1, which gives a new criterion to predict the

downwards limit of the flow with initial condition in the unstable set of a critical point [L1 @® Lo, ¢].
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The criterion is geometric in nature, in that it is given by the secant varieties of the embedding
X < PHY(LjLs). This method has previously been used to classify Yang-Mills flow lines [26], and
here we show that a similar idea can be used to classify all of the flow lines in the rank two moduli

space M7, o (E).

4.1. Harder-Narasimhan types in the unstable manifold. Let Li, Lo be line bundles with
deg Ly > deg Ly and h%(L{Ly ® M) # 0, so that there exists a variation of Hodge structure
[L1 @ Ly, ¢ € H'(Li Ly ® M)] corresponding to a fixed point of the C* action. Lemma 2.2 shows

that points in the unstable manifold for the flow are determined by extensions
(4.1) 0—Ly—FE— L —0.

The results of [16] show that the limit of the downwards flow is determined by the Harder-
Narasimhan type of F, and this is made more precise by Hausel and Hitchin in [15, Sec. 4.2.3].
The goal of this section is to explain how the limit is determined by the geometry of the extension
class [¢] € PHY(L}Ly) for (4.1), which leads to a description of the space of unbroken flow lines
connecting two critical points in terms of secant varieties (cf. Lemma 4.1).

First note that since dim¢ X = 1, then with respect to the extension (4.1), if L} — E is a
subbundle with deg L] > deg Lo, the composition L] — F — L; makes L} a locally free subsheaf
of Ly. Since both are locally free of rank one, then there is an exact sequence of sheaves

4
()—>L’1<i>L1—>@(C;’;k—>O.
k=1
Conversely, a subsheaf L) <s Ly lifts to a subsheaf of E if e € H Y(L3Ly) is in the kernel of the
pullback homomorphism
HY(L{La) = H' (L)) L2)

(see [21]). Note that since e # 0, then this descends to a condition on the equivalence class
[e] € PH(L}Ls).

The resulting subsheaf L} — E will be a subbundle if and only if there is no intermediate sheaf
L} < LY < L for which the extension class pulls back to zero in H!((L})*Ls). A detailed account
of this result for Higgs bundles is given in [26].

Since deg L > deg Lo, then L3L; ® K is very ample and so there is an embedding of the
underlying Riemann surface F : X < PHO(L3L1®K)* = PH'(L;Ls). Any point p € X determines
a Hecke modification Li[—p] < L; and the image F(p) € PH'(L} Ls) determines a line through the
origin in H'(L} L) which is the kernel of the pullback homomorphism H'(LjLs) — H'(L1[—p|*Lo).

More generally, an effective divisor D = »;_; mypr with degree mq + -+ +my < %(deg Ly —
deg Ls) determines a Hecke modification L) = L1[—D] and a plane in PH!(L}Ly) via Lemma 3.2.
Any point [e] in this plane determines a line in H'(L}Ls) that pulls back to zero in H'((L})*Ls).
Equivalently, by viewing [e] € PH'(L}Ls) as an extension class, then [e] determines a bundle F
with a subsheaf L.
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This process is summarised in the diagram below.

O / 0
0 L
0 Lo >y B s Ly > 0
(12) /
/ i 692_1 o
0 @Zzl Ce 0

This subsheaf L} — E is a subbundle of E if and only if [e] does not lie on a plane through a
proper subset of the points F(p1),..., F(pe), or a plane through F(p1),..., F(ps) that osculates to
order strictly less than m; — 1 at F(p;) for at least one j. In particular, if deg L} > %deg E, then
the uniqueness of the Harder-Narasimhan filtration shows that there is a unique such subbundle of
maximal degree.

Since the flow is C* equivariant, then the space of all Higgs pairs that flow up to [L1 @ Lo, ¢] €
C, and down to [L1[—D] @ Ls[D],¢'] € Cy for some Higgs pair ¢/ € HY(L5L1[2D] ® K) is the

C* bundle W[L oLad HL1 >N Se gelgL é,O(X ) defined as the pullback via the inclusion map
I, " N Secyl 3 o (X) — PHY(L{Ly).

Wi or0s — H'(LiL2) \ {0}

| |

LiLo

b NSecydi o(X) ——— PH'(L{Ly)

I
This result is summarised in the following lemma.

Lemma 4.1. Let E — X be a rank 2 complex vector bundle, let u be an integer in the range
%degE <u< % (deg E + deg M) and let [L1® Lo, ¢| € Cy. Then the subset of W,

of pairs [E, ¢'] where E is isomorphic to an extension of line bundles

[L ®La,d] consisting

0— Li[-D] - E — Lo[D] = 0

s given by Wﬁl@L2,¢]-
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In order to state the next theorem, let Cy and Cy, be two critical sets with f(Cy) < f(Cy), choose
e > 0 so that there are no critical values in the interval (f(C,) — ¢, f(Cy)) and define

(4.3) Sy ={zeW,o | f(z) = f(Cu) — ¢},
for which the projection S, — C,, is homeomorphic to a sphere bundle. Since f is S! invariant,
then the level sets and the unstable sets are preserved by the S' action, and so there is a canonical
homeomorphism

S, /St =PW, .
Recall from (2.5) that the space of unbroken flow lines from Cj to C,, is denoted by £} and that
there is an inclusion £} < S, given by mapping a flow line to the unique point of intersection with
the level set f~1 (f(C,) — €).

By definition of the global secant variety, there is an inclusion
Py —=PW, .
The next result relates the space of flow lines £} to the global secant variety Pj.

Theorem 4.2. The projection S;; — S, /S = PW,, maps the image of L} — S, to the image
of P} — PW, . In particular, this projection induces a circle bundle g : L — Py, where the fibres
are orbits of the S* action ¥ - [E, ¢] = [E, e ¢)].

Now let fg denote the closure of £} in S, . This corresponds to adding flow lines for which the
downwards limit lies in an intermediate critical set C,,
(4.4) LiNey= | Ln.
f<m<u
Similarly, let ﬁ denote the closure of P} in PW, . This corresponds to adding points lying on
secant planes of lower dimension
(45) er= U
{<m<u
The following result shows that the projection map F; — P} from Theorem 4.2 extends to a

projection on the closure.

Proposition 4.3. Restricting the projection S, — S, /S* 2 PW, to LY C S, determines a circle
bundle [7? — ﬁ.

4.2. Higgs pairs in the limit of the downwards flow. The results of the previous section
classify the Harder-Narasimhan filtrations in each unstable set W, , however this only determines
the holomorphic bundle underlying the Higgs pair in the lower limit of the flow, which is determined
by the extension from diagram (4.2). The goal of this section is to give an explicit description of the
gauge transformation that determines this isomorphism. This is motivated by the constructions in
[27, Sec. 4.5] and [26] which also give an explicit description of the effect of a Hecke modification

on a Higgs field. The difference here is that one can compose the two Hecke modifications that
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appear in the diagram (4.2) in such a way as to construct a smooth gauge transformation which
induces an isomorphism of Higgs pairs.

On writing the Higgs pair as an extension of bundles 0 — Lo — E — L; — 0 with Higgs
field ¢ € HY(LjLy ® M), it is easy to see the limit of the upwards flow, however the limit of the
downwards flow is not obvious. After changing gauge in this way, from this new point of view the
limit of the downwards flow appears via a simple calculation (see Lemma 4.4 below).

In preparation for Lemma 4.4, first consider the case of a Hecke modification of multiplicity m at
a single point p € X. Let U be a coordinate neighbourhood with coordinate z centred at p. Choose
open neighbourhoods V, W of p with W C V, V C U and a C° bump function 1 : X — Rx( such
that n=0on W and n=1on X \ V. Then

w= fTZ e Q%1(X)
defines a smooth one form on X. In fact, since the support of w is contained in a coordinate
neighbourhood, then w € Q%! (L) for any line bundle L trivialised over U; in particular [w] defines
a cohomology class in H%' (L3 Ly).

Let v : [0,1] — X be a loop contained in U \ V' which has winding number one around the point
p. Serre duality then identifies the Dolbeault cohomology class [w] € H%'(L} Ls) with an element
of H(L3L1 ® K)* given by

R

:/m:/mZQWiReszzo (im) for all s € HY(L3L, ® K).
v v o

zm z

When m = 1, then this is a scalar multiple of the evaluation map at the point p, and therefore
[w] € HYY(LiLy) = HY(L5L1 ® K)* corresponds to the image of p € X in PH(L3L; ® K)*. When

m > 1 then (4.6) determines an m-dimensional subspace
spanc{[w], [zw], ..., [z 'w]} € HY(LSL, @ K)*

which corresponds to the plane in PH®(L3L; ® K)* that osculates to order m — 1 to the image of
X at the point p € X.

Now consider an extension 0 — Ly — E — L1 — 0 with extension class [w| corresponding to a

oy B
a: zm
A (0 0>a

where the matrix (which is only nontrivial over U) is defined using the basis on E|;; given by the
C* bundle isomorphism E|; & Lo|; & L1|;. Let ¢ € HY(LiLy @ M)\ {0} so that

)

Then [(04, ¢)] is a Higgs pair in the unstable manifold of the critical point [L; & L, ¢].

holomorphic structure
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Let L} = Li[-mp]. On a trivialisation over the neighbourhood U, the pullback of f—ﬂ to
QOL((L})*Ly) is given by applying a meromorphic gauge transformation

G066 D6

to obtain an exact (0,1) form. To trivialise this, one can apply a smooth gauge transformation

GG D666 6o

to obtain a trivial holomorphic structure over U. Therefore, gauging by the singular gauge trans-

()2~

on a trivialisation over U shows that the pullback of the extension 0 — Ly - F — L; —+ 0 is a
direct sum Lo @ L.

formation

In a similar way, on the trivialisation over U one can gauge Lo @ L) by another singular gauge

(2™ 0 10y (2" 0
2=\ 0 1)\1-n 1) " \1-9 1

to obtain an extension 0 — Li[—mp|] — E’ — Ls[mp| — 0 corresponding to the diagonal exact

transformation

sequence in the diagram (4.2). A priori this bundle E' may not be isomorphic to E, however the

composition of these gauge transformations is

9291 = <1Zinn Z—m(ln—_(ll— 77)2)> ’

which is a C*° gauge transformation, since the point {z = 0} is contained in the neighbourhood W

Zm 1
9291’1/[/: 1 0/

In particular, gog; defines an isomorphism of Higgs pairs (E', ¢') := g2g1 - (E, ¢)

where 1 = 0, in which case we have

In summary, this gives an explicit gauge theoretic construction of the Higgs field on a flow line,
from which we have a new proof of the results of [15, Sec. 4.2.3] on the limit of the downwards

flow.

Lemma 4.4. Let [L1 @ Lo, ¢o] € C, and consider a Higgs pair in the unstable manifold W,
for which the underlying holomorphic bundle is an extension 0 — Lo — FE — Ly — 0 which is
isomorphic to 0 — Li[—D] — E — La[D] — 0 via (4.2) for an effective divisor D such that deg D <
%(deg Ly —deg Ly). Then the limit of the downwards flow is the critical point [Li[—D]® La[D], ¢poo),
where ¢poo € HY(LLo[2D] ® M) is the image of ¢g € H°(Li Lo ® M) via the sheaf homomorphism
LiLy® M < LiLy[2D] ® M.
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Proof. In a local trivialisation around each point p; with multiplicity my, the construction above

determines a smooth gauge transformation

¢ = (g201) - & € HY((L1[mypr])* La[mipr] @ K),

which has the form

2 n—1 0 @\ (7™ (1—(1-n)? 1=
(9201) - & = (177 Z—mk(l(ln)2>> (0 0) ( n—1 2"k >
_ (=12 2P
- < —(1=n% (1- n)zm’“s0>
Now let [L] & L}, ¢o] denote the critical point at the lower limit of the downwards flow. The flow
is given by scaling the Higgs field ¢ — e !¢ and applying a complex gauge transformation to

preserve Hitchin’s equations (2.1). In the situation under consideration, this gauge transformation

has the effect of scaling the extension class to zero. On the Higgs field ¢’ this has the form

o= (5 2 (TR oSk (0 0)

_ (6%(77 —1)2™kg ZHMk g >
—e (1 —n)2p e H(1—n)2"p

2my,
= Jmon = (g 75F) = o

Therefore we see that the Higgs field in the limit of the flow now has an extra zero of order 2my, at
each point py.

The general case works in the same way, by constructing an extension class associated to the
effective divisor »"}_, myps using disjoint coordinate neighbourhoods Uj, of each py. The same
process shows that the limit ¢, must have a zero of order 2m; at each point pr € X for k =
1,...,n. O

Conversely, given a critical point [L] @ L}, ¢oo] € Cp, the same method can be used to describe

all points in the upwards limit of a flow line emanating from [L] & L}, o).
Corollary 4.5 ([15, Sec. 4.2.3]). Let [L} & L, ¢oo] € Cy, let D be an effective divisor with degree
bounded by
1
0<degD < 3 (deg E+ deg M) — ¢

and suppose that ¢ € HO((L})*Ly ® M) is the image of some ¢g € HO(L¥Ly[—2D] ® M) under
the homomorphism HC(LYL,y[—2D] @ M) — HO((L})*Ly ® M). Then there exists a flow line
connecting L} & Ly, ¢oo) € Cp and [L[D] & Ly[—D], ¢o] € Cotdeg D-

Proof. Lemma 4.4 shows that for all effective divisors D satisfying the above degree bound, one
can construct a flow line between [L}[D] & L5[—D], ¢o] and [L] & Lh, o] € Ch. O

Now we can classify all the flow lines between two critical points.



16 GRAEME WILKIN

Corollary 4.6. Let [L}] & L, ¢oo] € Cq and [L}[D] & Ly[—D], ¢po] € Cardegp be critical points
with ¢oo € HY((L})*Lh @ M) the image of ¢ € H(Ly LL[—2D] ® M) under the homomorphism
HO(LYL4y[-2D) @ M) < HO((L})*Lhy ® M). Modulo the S action, the space of all flow lines
between these critical points is parametrised by the open subset

Ly Ly[~2D)]

N Sec) (X) C 10, C PHY((L})*Ly[—2D)).

Ly Ly[~2D)]
1_[D

Therefore we have a complete description of the flow lines on the moduli space of rank 2 Higgs
bundles.

5. THE ENERGY FUNCTION IS MORSE-BOTT-SMALE

A general result of Frankel [11] implies that if the degree and rank of E are coprime, then

fo M

Higgs — R is a perfect Morse-Bott function (see also [7] and [8] for related results for

Bialynicki-Birula stratifications of singular moduli spaces). When rank(E) = 2, then this also
applies in the noncoprime case, since the singularities in the moduli space do not intersect the
stable or unstable manifolds for the nonminimal critical sets (see Section 2.3). Now we can use the
explicit description of the spaces of flow lines to show that the stable and unstable manifolds of f
intersect transversely, and therefore f satisfies the stronger Morse-Bott-Smale condition.

Let rank(E) = 2, let 3 deg E < { < u < } (deg E + deg M) and consider two critical sets Cy, C.
Since f is Morse-Bott, then W; is a manifold with codimension equal to the Morse index at Cp.

Therefore, for any x € Fj we have

T M09 = oW, & N)W,F,

Theorem 4.2

shows that the space of unbroken flow lines between the two critical sets is 8§ C S,. In particular,

where NMW," denotes the normal to T,W," in the ambient manifold M := M35, g5

we have the following
Lemma 5.1. The real codimension of Fj in W, is equal to the Morse index of Cy.

Proof. The codimension of the global secant variety Py C PW, is equal to the codimension of
Sec{:i%o(X) in a single fibre PH' (L} Ls). Lemma 3.5 shows that dimg Sec) *(X) = 2 (2(u — £) — 1)
and so an application of Riemann-Roch shows that the real codimension is

2(g—1+4+degL; —degLys —2(u—4{))=2(g—1+u— (degE —u) — 2(u —¥))

g
(9g—1—degE+20),

which is equal to the real codimension of WZF, or equivalently the index 2(g — 1+ ¢ — (deg £ — 1))
at Cy from (2.6). O

2
2

Proposition 5.2. The function f : ijiggs — R is Morse-Bott-Smale.
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Proof. The previous lemma shows that there is a subspace NV« F} C T, W, which is complemen-

tary to TQCWZJr and has the same dimension as NQJ:V[W;. Therefore we have

T M5 iggs = TuW,m @ NV F) € T,W,) + T, W,

and so the intersection W, N W, is transverse. U

6. COMPACTIFICATION OF SPACES OF FLOW LINES

An important step in the construction of the Morse-Bott-Smale complex (cf. [1]) is to compactify
the space of flow lines £} between two critical sets by adding broken flow lines. For the moduli space
of Higgs bundles, Theorem 4.2 shows that £} has an algebro-geometric interpretation in terms of
the global secant variety Pj and the goal of this section is to prove Theorem 6.1, which shows
that the compactification by broken flow lines has an analogous interpretation via the resolution of
secant varieties studied by Bertram [2].

Recall the space £} of unbroken flow lines from (2.5) and the inclusion £} < S;; into the sphere
bundle (4.3). There are two compactifications of £ that will be important in the sequel. The first,
denoted by [7;, is simply given by taking the closure in S, and corresponds to taking the union
of £} with all spaces L}, such that £ <m < wu (cf. (4.4)).

The second compactification corresponds to adding broken flow lines between C,, and C,. Austin
and Braam [1] give a detailed description of this compactification, which will be denoted Eg in the

sequel (see Section 6.1 for more details). There is a canonical projection
(6.1) Phriorse : L% — LY

given by mapping a broken flow line emanating from C,, to the unique point of intersection with
the level set f~! (f(C,) — €), where € > 0 is chosen so that there are no critical values between
f(Cy) — € and f(C,). This projection is one-to-one on the open subset L} C £} and for each

z € LY\ LY such that limy_oo 9(2,t) = Zoo € Ciy, the fibre Py, (z) is the space of broken flow
lines between x4, and C,.
~N
On the algebro-geometric side, Bertram [2] constructs a resolution Sec; (X) — Sec® (X) of each

secant variety, which extends to a fibrewise resolution

(6.2) Psec : P4 — PY
of the global secant variety. The exceptional divisors in this resolution correspond to sequences of
points in secant varieties of X C PH!(L}Ly[2D]) for different divisors D (see Section 6.2 for more
details). From the point of view of Theorem 4.2, this corresponds to a sequence yi, . .., y, of critical
points together with points 21, ..., 2, such that z; € PW, _ lies in a secant plane of X — PW |
such that the preimage in the sphere bundle S, | flows down to yj.

Theorem 4.2 shows that the S action on the moduli space determines a circle bundle Ly — Py,
and Proposition 4.3 shows that this extends to a circle bundle ?g — ?7;. In Section 6.1, we construct

a map ng — ’}E‘ that takes a broken flow line to a sequence of secant planes, corresponding to a
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point in the resolution (6.2). The goal of this section is to prove the following result that this map

extends to a projection from the Morse resolution (6.1) to Bertram’s resolution (6.2).

Theorem 6.1. The following diagram commutes

- Def. 6.5 —
Lo D400, pu

(6'3) PMO’I‘SEJ/ JVPSGC

—— Prop. 4.3 ——
U U
£‘£ TZ

One of the motivations of [2] was to resolve the rational extension map to the moduli space
of semistable bundles P := PH!(L*Ly) --» M*(E) to a morphism P — M*$(E). In the Morse-

theoretic language of Theorem 6.1, this morphism is now given by the map £§ — M**(E) taking

a broken flow line to the critical point in the lower limit.

6.1. The Morse resolution. In the following, let f : M — R be a proper Morse-Bott function,
with critical sets labelled Cy for 0 < d < n and f(C;) < f(Cj) iff i < j. We also assume that f is
weakly self indexing, so that L;- =0 ifi < j (cf. [1, Sec. 3]). This assumption is satisfied for the
moduli space of rank 2 Higgs bundles with the critical sets labelled with the convention of Section
2.1. The time ¢t downwards gradient flow of f with initial condition z € M is denoted by ¢(z,1).
Given a Morse-Bott-Smale function satisfying the conditions of [1], any pair of critical sets
determines a Morse resolution defined using the compactification of unbroken flow lines by adding
spaces of broken flow lines. More precisely, let Cy and C,, be two critical sets with f(Cy) < f(Ch),

and recall the definition of the space of unbroken flow lines
Li={ze M | lim o(z,1) € Cp, lim ¢(2,1) € Cu}/R,

where the action of R on a flow line is by time translation. When it is necessary to specify the

upper critical point y € Cy, the space of flow lines is denoted
Y _ : : _
Ly ={reM| lim ¢(z,t) € Cp, lim ¢(z,1) =y}/R.

Choose € > 0 so that there are no critical values in the interval [f(Cy) — ¢, f(Cy)). Then each
flow line emanating from C,, has a unique point of intersection with the level set f=! (f(C,) — €).
Identifying the sphere bundle S, inside the unstable manifold with a subset of the level set gives

an homeomorphism S, = W N f “1(f(Cy) — ¢), and therefore there is an inclusion
Ly —=S,.

Now define F; to be the closure of £} inside S, . Similarly, for a given y € C,, fg denotes the
closure of £} C Sy -
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6.1.1. Compactification by broken flow lines. Before defining the Morse resolution (see Definition
6.2 below), first recall the compactification ng of the space £} of flow lines defined by adding
broken flow lines. The motivation for this definition is that these compactified spaces are used to
show that the differentials 0 in the Morse complex satisfy the conditions § o § = 0 (cf. [1, Prop.
3.5]) and that they are compatible with the cup product via the chain relation [1, (2.2)]. This
compactification is explained in detail by Austin and Braam [1, Sec. 2].

Each point z € ng determines a sequence of intermediate critical sets Cp,,, Cpny, -, Cm, = Co

with indices m; > mg > .-+ > my, = ¢ and flow lines between these critical sets

(6.4) x €LY, o € LT L ay, € L)
In the sequel, a flow line of this form will be denoted z = {z1,...,zx,} € Z‘Ef

Definition 6.2. The Morse resolution of Fj is the projection taking a broken flow line x =
{x1,..., 2, } € L} to the first flow line emanating from C,
Phrorse : L? - Li?

(6.5)
x={x1,...,x, } — 1.

When the upper critical point y € C, is fixed, then the Morse resolution is denoted
Prrorse : £F — L]

The following lemma shows that each fibre of Pyy,s is itself a Morse resolution at a lower critical

set.

Lemma 6.3. Let / < m < u, let Pyorse : ng — Z}f be the resolution from Definition 6.2 and let
1 €L}, C fz with y1 € Cy, the corresponding critical point at the lower limit of the flow line x;.
Then

Pyt ysoln) = L1,

Morse

Proof. The fibre PA_410T (1) consists of all broken flow lines connecting y; € Cp, to Cy, which is

precisely the resolution £'. O

6.2. Resolution of secant varieties. In this section we recall the resolution of secant varieties
defined by Bertram [2] and then prove Theorem 6.1, which relates this to the compactification by
broken flow lines of the previous section.

Using Schwarzenberger’s secant bundle construction [23], Bertram [2] constructs a resolution of
Seck(X) c PH'(L) by repeatedly blowing up PH'(L) along the secant varieties of lower dimension.
The precise statement we need is from [2, Sec. 2], which is summarised in Lemma 6.4 below, however
first we recall the key parts of the construction (see also [6]).

Let B¥(L) be the secant bundle associated to the line bundle L* ® K (cf. [2, Sec. 1]). Using
HY (L) =2 H(L* ® K)*, let bl;(PH'(L)) denote the blowup of PH'(L) along X ¢ PH'(L). Each
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secant variety is the image of By : B¥(L) — PH'(L), and bly(B*(L)) is the blowup of B¥(L) along
Bk_l(X). Let bl (Bk) be the unique lift of S to a map

by (BR(L)) K b (L

| l

BHL) — 2 PHV(L).

Now inductively continue the process. If bl,(PH' (L)), bl,(B*(L)) and bl,(B;) are defined for all
k > n and bl,,(8,) is injective, then (after identifying bl,,(B™(L)) with its image), define
(i) blpr1(PHY(L)) to be the blowup of bl,(PH'(L)) along bl,,(B"(L)),

(ii) bln41(B*(L)) to be the blowup of bl,,(B*(L)) along bl,,(Bk) " (bl,,(B™(L))), and
(iii) bl,11(Bk) to be the unique map bl 1(B*(L)) — bl (PHY(L)).
This construction hinges on the injectivity of bl,,(/3,) at each step, which is proved in [2, Prop.
2.3]. Now we can restate [2, Cor. 2.5(b)] in the form needed in the sequel.

Lemma 6.4. Let { < m < u, let Pse. : blg1(PHY (L Ly)) — PHY(L%Ly) be the resolution from [2]
and let x1 € P}, C ﬁ be a secant plane in PHY(L%Ly) corresponding to a divisor D on X. Then

Pyt (1) = blg—qeg p(PH' (L} L2[2D])).
Inductively applying Lemma 6.4 to the fibres of
Psec : bly—qeg p(H (L Lo[2D))) — PH (L L2[2D])
shows that each point = € bl 1 (PH'(L}Lz)) corresponds to a sequence of points in secant planes
r1 € Seck1 L2 IP’Hl(L*Lg) corresponding to a divisor D
x9 € Seck1 L2 PH'(L;Ls[2D1]) corresponding to a divisor Do
(6.6) x3 € Se(:k;’o2 C PHY(L;Ly[2D;y + 2D5))  corresponding to a divisor Ds

Ty € Seck1 L2 c pH? (L1 L2[2D]) corresponding to a divisor Dy,
where D = Dy + --- + D,,_1 is used to simplify the notation in the last line. In the sequel,
T € bl 1 (PHY (L} Ly)) of the above form will be denoted = = {z1, ...,z } € bl 1 PH (L} Ly).
We can now define a map relating the Morse resolution and the resolution of secant varieties.
Recall the circle bundle g from Theorem 4.2 that takes an unbroken flow line x € Lg to the
corresponding point in Sechi N0 il - pp YL Ls). The following definition extends this map to the

space of broken flow lines.

Definition 6.5. Let C;, and C,, be critical sets with £ < u and let y € C,. Define G : Z% —
blkH(PHl(L’i‘Lg)) by

G{zx1,...,xn}) ={g(z1),...,9(xn)}.
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Since the fibres of g are circles, then we have the following result about the fibres of G.

Lemma 6.6. Let y = [L1 ® Lo, ¢] € C,, be a critical point and let {s1,...,8,} € blgr1(PH (L} Ly)
be a point in the blowup of PHY(LiLy). Then G=*({s1,...,sn}) = (S1)".

Proof. By definition, we have
G ({51, rsn}) = {(@1,. - an) €LY | gla) = si,i=1,...,n},
and so G~*({s1,...,sn}) is a Cartesian product
g (s1) X - x g7 (s0) = (ST 0

In particular, we see that the subset of broken flow lines with n — 1 intermediate critical points

has a canonical (S1)" action induced from the S' action on M5, ggs(E).

Now we can prove Theorem 6.1, which relates the compactification by broken flow lines to the

resolution of secant varieties.

Proof of Theorem 6.1. Proving that the diagram (6.3) commutes reduces to simply writing down

the maps using the above definitions. We have

Psec o G({x1,...,2n}) = Psec({g(21),...,9(xn)}) = g(x1)

and
go PMOTS@({xla ce 7xn}) = 9(361),
which completes the proof. ]
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